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Lattice Basics and the Pop Operator

Ameet-semilattice is a posetM such that any two elements x, y ∈ M have a greatest

lower bound (which is called their meet, denoted by x ∧ y). A meet-semilattice is
complete if every nonempty subset A ⊂ M has a meet.

Given x, y ∈ M , we say that y is covered by x (denoted y l x) if y < x and no z ∈ M
satisfies y < z < x.

Definition: semilattice pop-stack-sorting operator

(Defant, 2021) Let M be a complete meet-semilattice. We define the semilattice

pop-stack-sorting operator PopM : M → M by

PopM (x) =
∧

({y ∈ M : y l x} ∪ {x}).

We say an element x is t-Pop-sortable if Popt
M (x) = 0̂, the minimal element.

Background of the problem

Previous study of variants of stack-sorting

1. (Knuth, 1973) stack-sorting algorithm

2. (West, 1990) stack-sorting map on the symmetric group Sn

3. (Avis and Newborn, 1981) pop-stack-sorting map

4. (Duke, 2014) reverse-stack-sorting map

5. (Defant, 2021) semilattice pop-stack-sorting operator; it coincides with the

pop-stack-sorting map when applied on Sn under weak order.

Pop operator on Coxeter group lattices under the Bruhat order

1. (Pudwell, Smith, 2019) enumeration of 2-Pop-sortable permutations in Sn under

the weak order (type A permutations).

2. (Claesson, Guðmundsson, 2019) the generating function that counts

t-Pop-sortable type A permutations is rational.

3. (Defant, 2021) the generating function that counts t-Pop-sortable type B and Ã
(affine) permutations is rational, along with results on maximal Pop orbit size.

The Tamari Lattices

A lattice path is a finite planar path that starts from the origin and at each step travels

either up/N : (0, 1) or right/E : (1, 0).

The horizontal distance of a point p with respect to a lattice path ν is the maximum
number of E steps one can take starting from p before being strictly to the right of ν.

Definition: Tamari lattice

The n-th Tamari lattice Tamn consists of lattice paths from (0, 0) to (n, n) above the
diagonal y = x, under the following specified partial order.

Definition: Tamari lattice (continued)

The partial order of Tamn is given by the covering relation: µ l µ′ if µ′ is obtained
by shifting a subpath D of µ by 1 unit to the left, where D satisfies

1. it is preceded by E;
2. its first step is N;
3. its endpoints p, p′ are of the same horizontal distance to (NE)n and there is no
point between them with the same horizontal distance to ν as p.

In other words, µ l µ′ if for such subpath D, µ = XEDY and µ′ = XDEY .

More generally, this definition can be extended to define the generalized ν-Tamari
lattice Tam(ν), whose elements are lattice paths weakly above ν and follow an
analogously defined partial order.

Figure 1. Lattice path µ = NENENEEENE is in Tam(ν)where ν = ENNEEEENNE. Each point on µ is
labeled with its horizontal distance.

It is well-known that |Tamn| equals to the n-th Catalan number Cn = 1
n+1

(2n
n

)
.

Fundamental in algebraic combinatorics, the Tamari lattice has rich connections to

cluster algebra, representation theory, and Hopf algebra. Its Hasse diagram is

isomorphic to the 1-skeleton of an associahedron.

Tamn is also isomorphic to the lattice of 312-pattern-avoiding permutations under
the weak order of Sn.

Our Main Results

Let ht(n) denote the number of t-Pop-sortable Dyck paths in the n-th Tamari lat-
tice Tamn. Defant conjectured that for every fixed t, the generating function∑

n≥1 ht(n)zn is rational. We confirmed this conjecture by finding the exact formula.

Theorem 1

Assume the notations from above. We have∑
n≥1

ht(n)zn = z

1 − 2z −
∑t

j=2 Cj−1zj
,

where Cj is the j-th Catalan number.

Furthermore, settling a conjecture by Defant and Williams’s, we have the following

result, in whose proof we obtain an exact description of PopTamn
(Tamn) in terms of

312-avoiding permutations.

Theorem 2

Define Pop(L; q) =
∑

b∈PopL(L) q|UL(b)|, whereUL(b) is the set of elements of L that

cover b. Then we have

Pop(Tamn+1; q) =
n∑

k=0

1
k + 1

(
2k

k

)(
n

2k

)
qn−k,

where the coefficients form OEIS sequence A055151. In particular, when q = 1,
we have that

|PopTamn
(Tamn)| = Mn−1,

whereMn is the n-th Motzkin number (OEIS sequence A001006).

Additional motivation for studying the size of this image comes from a theorem by

Defant and Williams. They proved that |PopTamn
(Tamn)| = {y ∈ Tamn | Row(y) ≤ y},

where Row is the rowmotion operator on Tamn (which is equivalent to the Kreweras

complement operator on noncrossing partitions). They also showed that

|PopTamn
(Tamn)| is the number of independent dominating sets in a certain graph

associated with Tamn called its Galois graph.
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