
Introduction
We consider triangulations Gn of a torus, where n ≥ 7 is the number of vertices in the triangulation. 7 is the minimum
number of vertices required for the triangulation of a torus. We observe the number of undirected Hamiltonian cycles
that exist on each triangulation.

Depicted above is an example of a triangulation on a torus.

Torus Triangulation Gn
Let Gn be the graph on the triangulation represented below.

Each vertex i is connected to the six vertices i± 1, i± 2, and i± 3, calculated mod n.

Definitions and notation
Definition 1. A walk is a series of vertices such that each pair of adjacent vertices is connected by an edge. A cycle
is a walk with distinct vertices which starts and ends at the same vertex.
Definition 2. A Hamiltonian cycle is a cycle which passes through every vertex in a graph exactly once. By
convention, we represent every Hamiltonian cycle such that they start and end at 1.
Definition 3. Let H(Gn) be the set of all Hamiltonian cycles in Gn.
Definition 4. Let W,X, Y, Z within a walk denote a subwalk of any length. Let W−1, X−1, Y −1, Z−1 denote the same
subwalks but written in the opposite order.

Number of Hamiltonian cycles
|H(Gn)| represents the number of Hamiltonian cycles in Gn.
|H(Gn)|/|H(Gn−1)| is the ratio which represents the increase in the number of Hamiltonian cycles from Gn to Gn−1.

n 7 8 9 10 11 12 13 14 15
|H(Gn)| 360 744 1553 3241 6581 13426 27511 56272 115185

|H(Gn)|/|H(Gn−1)| n/a 2.0667 2.0874 2.0869 2.0305 2.0401 2.0491 2.0454 2.0469
Obtained experimentally by computer.

Comparing the numbers of Hamiltonian cycles
Our experimental evidence suggests that for all n, |H(Gn)|/|H(Gn−1)| is close to 2. However, the exact ratio varies
depending on n.
Conjecture 1. As n approaches infinity, |H(Gn)|/|H(Gn−1)| is bound between 2 and 2.1.

Defining a relation between H(Gn−1) and H(Gn): Promotion
The goal is to modify a Hamiltonian cycle in H(Gn−1) by adding vertex n and changing the cycle as little as possible
such that a cycle in H(Gn) is produced. By defining a set of relations which achieve this, we hope to explain the
change in the number of Hamiltonian cycles found at each value of n.

Obstacles to promotion
Certain edges may exist in a cycle found in H(Gn−1), but not in a cycle found in H(Gn). Therefore, when promoting
a cycle in H(Gn−1) to one in H(Gn), these edges must be changed. We call these edges “obstacles to promotion.”
Lemma 1. For any cycle in H(Gn−1), these edges are a subset of: 1(n− 3), 2(n− 2), 3(n− 1). As a result, every cycle
must have 0, 1, 2, or 3 obstacles to promotion.

Proof. Let ab be an obstacle to promotion. |a−b| ∈ 1, 2, 3, n− 4, n− 3, n− 2, n− 1 because ab is a valid edge in Gn−1.
|a− b| ∈ 4, 5, ...n− 4 because ab is not a valid edge in Gn. Thus, |a− b| = n− 4. Therefore, the only possible edges
are 1(n− 3), 2(n− 2), 3(n− 1).

Simple promotions
If a cycle has 0 obstacles to promotion, perform a ”simple promotion” by placing vertex n between two adjacent
vertices a, b in the cycle. Note that a and b must both be connected to n in Gn. Delete edge ab and include edges an
and nb. Note this can sometimes be done to multiple edges, each of which will produce a different promoted cycle.
Lemma 2. Any cycle with 0 obstacles can be promoted simply in at least one way.
Proof. Suppose some cycle C = 1aXb1 cannot be promoted by simple promotion. Then vertex n cannot be placed
before or after 1, that is between 1a or b1. 1 is connected to n, so n must be connected to neither a nor b, that is a and
b ̸= 1, 2, 3, n− 1, n− 2, n− 3. a and b ∈ 2, 3, 4, n− 3, n− 2, n− 1 because they are connected to 1. Thus, a = b = 4,
but a and b cannot be equal since C is a Hamiltonian cycle. Therefore, by contradiction, C can be promoted by
simple promotion.
If a cycle has 1 obstacle to promotion, perform a simple promotion by placing vertex n between a, b where ab is the
obstacle to promotion. Note this can be done once for each cycle.
Lemma 3. Any cycle with 1 obstacle can be promoted simply in exactly one way.
Proof. Let ab be the obstacle in the cycle XabY ∈ H(Gn−1). By Lemma 1, ab = 1(n− 3), 2(n− 2), or 3(n− 1). Since
n is connected to 1, 2, 3, n− 3, n− 2, n− 1, XanbY is a cycle in H(Gn).

Other promotions
If a cycle XabY cdZ has 2 obstacles ab, cd to promotion, promote the cycle to XancY −1bdZ and/or XacY −1bndZ,
whichever promoted cycle is valid. Note it is possible that both are valid.
Lemma 4. Any cycle with 2 obstacles can be promoted in at least one way.
The following figures illustrate promotion of a cycle in H(G8) with obstacles 16 and 72 to a cycle in H(G9).

If a cycle has WabXcdY efZ 3 obstacles ab, cd, ef to promotion, promote the cycle to WacX−1bdY enfZ,
WaeY −1dncX−1bfZ, and/or WanbXceY −1dfZ, whichever promoted cycle is valid. Note it is possible that more
than one is valid.
Lemma 5. Any cycle with 3 obstacles can be promoted in at least one way.
Theorem 1. Any cycle in H(Gn−1) can be promoted to a cycle in H(Gn).
Proof. Follows directly from Lemmas 1–5.

Cycles not reached by promotion
Although every cycle in H(Gn−1) can be promoted using the described relation, this relation is not onto. We observed
that every cycle in H(Gn) not reached by promotion includes one of the following subpaths: 2n(n− 3), 3n(n− 2) and
3n(n− 3). When n = 9 there are 312 unreached cycles. Some examples are:

1345786921 includes 692 = 2n(n− 3)
1457829631 includes 296 = 2n(n− 3)
1879365421 includes 793 = 3n(n− 2)
1258639741 includes 397 = 3n(n− 2)

Directly counting closed walks
We consider an alternative approach, the goal of which is to combinatorially count the number of Hamiltonian cycles
in Gn. Our first step is to count the number of closed walks starting and ending at vertex 1.

Re-expressing as differences between vertices
For the purpose of our direct counting method, we re-express each walk (or subwalk) as follows: For each edge,
write the difference between the starting vertex and the ending vertex. Each of these differences is expressed as an
element of {−3,−2,−1, 1, 2, 3}, each labeled some sk. This is possible because every vertex in our triangulations is
connected only to vertices with indices 1,2, or 3 away (note this is taken mod n).

Closed walks in the new notation
We observe that, for a walk to be closed (in particular for a cycle), the sum of all sk must be 0 mod n, so that the
walk starts and ends at 1. Since each −3 ≤ sk ≤ 3, this is equivalent to

∑
(sk) ∈ {−3n,−2n,−n, 0, n, 2n, 3n}.

∑
(sk) = 3n

This only occurs when every sk is 3 (one walk). It produces a cycle when n is not divisible by 3.∑
(sk) = 2n

If
∑

(sk) = 2n, observe
∑

(sk − 2) = 0. Denote (sk − 2) = rk for all k.

Lemma 6. Every
∑

(rk) = 0 can be decomposed into the following components:

Component A B C D E
rks 0 −1, 1 −3, 1, 1, 1 −4, 1, 1, 1, 1 −5, 1, 1, 1, 1, 1

Number of terms 1 2 4 5 6

Proof. Decomposition will be uniquely determined by the number of times 0,−1,−3,−4, and −5 each occur.∑
(sk) = n

If
∑

(sk) = n, observe
∑

(sk − 1) = 0. Denote (sk − 1) = tk for all k.

Lemma 7. Every
∑

(tk) = 0 can be decomposed into the following components:

Component A B C D E F G H
tks 0 −2, 2 −2, 1, 1 −3, 1, 2 −4, 2, 2 −3, 1, 1, 1 −4, 1, 1, 2 −4, 1, 1, 1, 1

Number of terms 1 2 3 3 3 4 4 5

Proof. Let σ be the sequence of tks for a closed walk of length n. Use the following algorithm to uniquely decompose
σ into the aforementioned components:

1. Go through σ and cross out all 0’s. Add one A to the decomposition for each time this is done. Proceed with step
2.

2. Start at the beginning of σ. Move until a 2 is found and then cross out the 2. Continue to step 3. If, however, no 2
is found, skip to step 7.

3. Start at the beginning of σ. Move until a −2 is found.

• If −2 is found, cross it out, add one B to the decomposition, then return to step 2.
• If −2 is not found, move on to step 4.

4. Start at the beginning of σ. Move until a 1 or a −3 is found (whichever is first).

• If either of them is found, cross it out and then continue searching for the other.
• If the other number is also found, cross it out, add one D to the decomposition and return to step 2.
• If either 1 or −3 fails to be found, undo everything that has been done using this iteration of step 4 and move to
the step 5.

5. Start at the beginning of σ. Move until a 2 or a −4 is found (whichever is first).

• If either of them is found, cross it out and then continue searching for the other.
• If the other number is also found, cross it out, add one E to the decomposition and return to step 2.
• If either 2 or −4 fails to be found, undo everything that has been done using this iteration of step 5 and continue
to step 6.

6. Start from the beginning of σ. Search for two 1’s and one −4 using a process similar to step 4’s search for one 1
and one −3. If the search is successful, cross out the two 1’s and one −4, then add one G to the decomposition.
If the search fails at any point, undo any crossing-out done by this iteration of step 6 and continue to step 7.

7. Start from the beginning of σ. Search for −2 or −3 or −4:

• If −2 is found, cross it out. Then, starting from the beginning of σ, search for two 1’s and cross them out. Add
one C to the decomposition. Return to step 7.

• If −3 is found, cross it out. Then, starting from the beginning of σ, search for three 1’s and cross them out. Add
one F to the decomposition. Return to step 7.

• If −4 is found, cross it out. Then, starting from the beginning of σ, search for four 1’s and cross them out. Add
one H to the decomposition. Return to step 7.

• If neither −2, −3, nor −4 is found, the decomposition is complete.

∑
(sk) = 0

Lemma 8. Every
∑

(sk) = 0 can be decomposed into the following components and their opposites:

Component A B C D E F G H
sks −1, 1 −2, 2 −3, 3 −2, 1, 1 −3, 1, 2 −3, 1, 1, 1 −2,−2, 1, 3 −2,−2,−2, 3, 3

Number of terms 2 2 2 3 3 4 4 5

Future research questions
In future research, we will use knowledge of counting partitions to find exact counts for Hamiltonian cycles
combinatorially. Additionally, we will expand the definition of promotion from H(Gn−1) to H(Gn), such that every
cycle in H(Gn) is obtained. From this, we hope to explain the factor by which |H(Gn)| increases as n increases. We
also plan to explore the distribution of these Hamiltonian cycles among various homology classes on the torus.
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