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ABSTRACT

RESULTS

A subgroup of microscopic organisms, known as swimmers, use thin 
rod-like structures called cilia and flagella to propel themselves in 
various fluid environments. This locomotion is driven by both the 
dynamics of intracellular molecular motors within the flagella/cilia 
and the hydrostatic elastic forces exerted on the swimmer. Both 
swimmer gait and the stability of the swimmers’ motion are subject to 
changes in both external and internal environments. In this work, we 
are interested in the 2D planar motion of a flagellum driven by a 
follower force applied tangentially at the tail and pinned at the head. 
To characterize this phenomenon, we consider a discretized, two-link 
filament model that exhibits oscillatory behavior. We explore this 
motion in three different fluid models: a viscous model, a Maxwell 
elastic model, and an Oldroyd-B viscoelastic model. Changes in the 
frequency, amplitude, and stability of the emergent oscillations were 
observed as a result of variations in fluid properties. This result 
highlights the adaptive nature of swimmers in viscoelastic 
environments.

INTRODUCTION

• Pattern of swimming motion is influenced by changes in…
o Internal environment – molecular (dynein) motor activity 
o External environment – properties of the surrounding fluid 

(viscosity, viscoelasticity- fluid has polymer viscosity that 
gives it memory of deformation)

• Coupling between internal and external forces generates a “beat” 
that allows the organism to swim

Work by De Canio et al. (2017) has characterized this motion in 
viscous fluids. Specifically, they analyzed the motion of an elastic 
filament, pinned at one end, acted on by a molecular motor treated as a 
point force at the tail within a viscous, low-Reynolds number fluid 
regime. We are interested in extending this framework to viscoelastic 
fluids, as this encompasses a wider variety of fluid properties that are 
relevant to biological systems.

MODEL

Fig 1. Two-link filament model for a single flagellum/cilium. 
DAE system – 4 differential equations, 2 algebraic equations
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CONCLUSIONS
• Two bifurcation points in some follower force regimes for 

viscoelastic fluids
• Viscoelasticity can stabilize oscillations
• Inverse relationship between amplitude and frequency
• Heterogeneity in producible behavior with this model
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O clamped end
A joined links
B free end
ℓ link length
k torsional spring 

strength
𝜃1 degree of freedom 

about O
𝜃2 degree of freedom 

about A
𝜞 tangential follower 

force

Σ = !"
#
- ratio of follower force and spring constant

Λ = $
%
- ratio of fluid to mechanical relaxation time

𝛽 = !!
!""!!

- ratio of polymer viscosity to total viscosity

Fig 2. Hopf Bifurcation curves for 
three different polymer viscosity 
ratios. Leftmost curve represents a 
viscous fluid; rightmost curve 
represents an elastic, Maxwell 
fluid model (MM); middle curve 
represents an intermediate, 
viscoelastic fluid. The left of each 
curve is the unstable region, the 
right is the stable region.

Fig 3. Inverse relationship between frequency and amplitude due to 
increased polymer viscosity for fixed Σ = 3.25.

Fig 4. Path tracings of point B of the two-link model for different 
follower force and viscoelasticity regimes at 𝛽 = 0.67. Both 
“whipping” motion (triangle, square) and simple oscillations (star, 
circle) are producible with this model.
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