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Introduction

The Fibonacci word fractal was first studied by Monnerot-
Dumaine, and generalized as the k-nacci word fractal by
Ramirez and Rubiano. The construction of k-nacci fractal
is demonstrated in the paper of [Bortz et al.]. The 2−nacci
fractal is generated by the IFS with an overlap (Figure 5). We
constructed a finitely ramified cell structure for the fractal to
avoid the overlap. The finitely ramified cell structure guaran-
tees the existence of a Laplacian on the 2−nacci fractal. We
also constructed the Laplacian matrices for four approxima-
tions of the fractal, solved their eigenvalues and eigenvectors,
and estimated the spectral dimension of the fractal.

Initial Graph Approximation

Figure 1: A0 at the critical angle α = arccos(1/3)
that ensures An ⊆ An+1

Iterated Function System

We call a non-empty compact subset F of Rn an attractor for
the IFS if

F =
⋃m
i=1 Φi(F ) . (1)

The fundamental property of an iterated function system is
that it determines a unique attractor, which is usually a fractal.
And the following expression is the IFS of the 2-nacci fractal.

Ψ(~x) =
6⋃
i=1
ψi(~x) =



ψ1(~x) = 1
c(Rα~x)

ψ2(~x) = 1
c(M~x + ~b1)

ψ3(~x) = 1
c(Rα~x + ~b2)

ψ4(~x) = 1
c(R−α~x + ~b3)− 〈1c, 0〉

ψ5(~x) = 1
c(M~x + ~b4)

ψ6(~x) = 1
c(R−α~x + ~b5)

(2)

where the Rθ is the rotation matrix,M is the reflection matrix,
~bi are the corresponding translating vectors, and c is the scaling
ratio. At the critical angle α = arccos(1/3), we know that
c = 3 for the 2−nacci fractal.

Approximations

Figure 2: A1, A2, and A3

Finitely Ramified Cell Structure

Figure 3: A2 decomposed into four types of subgraphs that have no overlap between cells
the graph in each cell in An can be refined to a set of point-wise connected scaled
downed subgraphs to get An+1

Subgraphs of the 2-nacci Fractal

Figure 4: Four types of basic cell structures decomposed
from A2, claw, seahorse, whelk, and turbot

The Overlap of 2−nacci IFS

Figure 5: The 2nd and 3rd approximations with line segment
initial condition and α = π/3, the overlap can be
observed on the top of the graph

Discrete Laplacian on An

Definition: For a Rn embedded graph (V,E, r), the un-
weighted discrete Laplacian of the graph is defined by

∆u =
∑
{x,y}∈E

u(x)− u(y)
r(x, y)2 , (3)

where u is a real valued function with V as the domain, and r
is the distance between x and y.

Recall that λ is a Neumann eigenvalue of ∆ with correspond-
ing eigenvector u when

−∆u(x) = λu(x) (4)
is satisfied for all vertices x of a graph.

We have the 2−nacci fractal’s graph approximations An =
{An, En, rn} where An is the set of vertices, En is the set of
edges, and rn is the set of length of corresponding edges. Then
we can solve the eigenvalue equation of ∆ of An by treating ∆
as an #(Aα)×#(Aα) matrix and λ as its eigenvalues. The cell
structure for each An is almost totally connected in a string
except some points, so the Laplacian matrix of An is almost a
diagonal matrix. Thus we constructed the Laplacian matrices
in Python as sparse matrices, and by combining the matrices
of all individual fundamental cells, claws, seahorses, whelks,
and turbots. We have used “scipy.linalg.eigh” to calculate the
eigensystems for A1 to A5.

Eigenvalue Counting Function

We have studied the eigenvalue counting function
Nn(x) = #({λn | λn ≤ x}) (5)

of the eigenvalues on A2 to A5. In plot (a), (c), and (e), the
vertical lines represent the multiplicity of a eigenvalue and the
horizontal lines represent the spectral gaps.
Plot (b), (d), and (f) are the log-log plot of the counting func-
tion, we use a regression algorithm to estimate the spectral
dimension dS of the graphs.

(a) N3(x) plot (b) N3(x) ≈ x0.74028

(c) N4(x) plot (d) N4(x) ≈ x0.747294

(e) N5(x) plot (f) N5(x) ≈ x0.750164

Figure 6: Eigenvalue counting functions of A3 to A5
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