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GRAPH PEBBLING

A graph is a set of vertices joined by edges.
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Two vertices are said to be adjacent if they are
joined by an edge.

Two-player graph pebbling is a mathematical
game played on a simple graph (directed or
undirected) with two or more players. Each
player in turn makes a pebbling move following
a prescribed rule, and the game ends when no
further moves are possible.

Graph pebbling has many applications to physics,
cryptography, data security, theoretical computer
science, and combinatorial optimization.

PEBBLING MOVES

A standard pebbling move consists of removing
two pebbles from one vertex and adding one peb-
ble to an adjacent vertex.
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In our research, we explored a variety of pebbling
moves such as (k + 1, k) which involves removing
k + 1 pebbles from one vertex and moving k peb-
bles to an adjacent vertex.

IMPARTIAL GAME

An impartial game is a two-player game in which
both players have complete knowledge, and the
moves available from a given position do not
depend on whose turn it is.

The Sprague-Grundy Theorem states that every
impartial game is either first-player winning or
second-player winning.

DATA ON RESOLVING MOVES

Using code, we analyzed the (k + 1, k) pebbling moves on complete graphs. We say a graph G resolves
at m pebbles with respect to a pebbling move if at m pebbles the first player can always win regardless of
initial pebbling assignment. In this table, the leftmost column tells how many vertices are in our complete
graphs, and the top row indicates the pebbling move analyzed.

Data on Resolving Moves
n (2,1) (3,2) (4,3) (5,4) (6,5) (7,6)
3 7 13 19 25 31 37
4 23 21 35 49
5 7 15 21 27 33 39
6 13 21 35 37 59 53
7 9 17 25 33 41 51
8 15 25 41 45 61 65
9 11 21 31 41 51 61
10 17 29 45 53 71
11 13 25 37 49 61
12 19 33 51 61
13 15 29 43
14 21 37
15 17 33
16 23 41

For example, the 7 means that K3 resolves at 7 pebbles with respect to the (2, 1) pebbling move.

RESULTS

Theorem 1. For k ≥ 1, K3 resolves at 6k + 1 pebbles with respect to the (k + 1, k) pebbling move.

Conjecture 2. Let k ≥ 2. Then

• if k is even, K4 resolves at 7k + 7 pebbles with respect to the (k + 1, k) pebbling move, and

• if k is odd, K4 never resolves with respect to the (k + 1, k) pebbling move.

OEIS SEQUENCES

• Sequence A346197:
a(n) is the minimum number of pebbles such that any assignment of those pebbles on K5 is a next-
player winning game in the two-player impartial (n + 1, n) pebbling game.
7, 15, 21, 27, 33, 39, 47, 53, 59, 67, 73, 79, 87, 93, 99, 107, 113, 119, 127, 133, 139

• Sequence A346401:
a(n) is the minimum number of pebbles such that any assignment of those pebbles on a complete
graph with n vertices is a next-player winning game in the two-player impartial (3, 2) pebbling
game.
13, 21, 15, 21, 17, 25, 21, 29, 25, 33, 29, 37, 33, 41, 37, 45, 41, 49, 45, 53, 49, 57

CYCLES

A cycle, denoted by Cn, is a graph such that n
vertices are connected in a closed chain.
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Theorem 3. A pebbling game on C4 will never re-
solve.
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FUTURE RESEARCH

• Classify the winner of all pebbling arrange-
ments on C4

• Determine if all cycle graphs will not resolve

• Explore similar results for other graph fami-
lies

• Continue analyzing Kn with different peb-
bling moves
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