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Introduction
The purpose of this project is to explore explicit models of discourse sheaves on 
Watts-Strogatz networks. Discourse sheaves were developed by Hansen and 
Ghrist to model opinion dynamics on social networks. Each node is associated 
with an individual with opinions on different topics. Individuals interact with 
their neighbors and adjust their opinions based on the interactions that occur 
and the strength of opinions. This process is iterated until the opinions fully 
propagate over the network. The level of propagation is determined by the 
structure of the network, the strength of the individual opinions, and how the 
opinions are shared. 

Terminology
• Network: a collection of nodes, representative of individuals, and edges, or 

the connections between these individuals 
• Discourse Sheaf: an algebraic structure consisting of a vector space for each 

node and edge (these vector spaces may be different) that spans over the 
social network and reveals the details of changing opinions

• Opinion Space: vector space Xi at node vi that stores opinions per individual 
• Discourse Space: vector space Xij at edge, eij, where the opinions of nodes i

and j are compared
• Coboundary: a linear transformation Fij : Xi → Xij

• Laplacian: Li : Xi→ Xi defined by Li(xi) =      (Fij
T(Fij(xi)-Fji(xj))

Network Models
(a) Watts-Strogatz Ring Network: the 4-core version, each member connected to 
its four closest neighbors
(b) Small World Network: the Watts-Strogatz ring network with one or more 
additional connections
(c) Twenty node ring: Each node is connected to its two closest neighbors 
(d) Two ten node rings with one connection between them

Selected Results 
(based on coboundary choice and initial opinions)
• Fi = I, total opinion strength is averaged across the entire network.
• For some models, the kernel of L = {0}, resulting in no non-zero equilibrium 

solutions
• Presence of influencer nodes gave rise to equilibrium solutions where other 

nodes forfeited their original opinions
• Separating the network into components by setting Fij = 0 on a minimum cut 

set resulted in independent consensus opinions
- Consensus opinions extend to global network seen in [1]

Coboundary Matrices
The coboundary matrices determine the mix of opinions transmitted from the 
opinion space Xi to the discourse space, Xij. Models used: Multiples of the 
identity matrix;  upper triangular matrices, which mix opinions) and Markov 
matrices (columns sum to 1)  which preserve total opinion strength
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Opinions and Honesty
• Opinion values range between -1 and 1, from strong disagreement to strong 

agreement, coded as a vector at each node
• Initial opinion models:

• Influencer nodes have strong positive or negative opinions, while 
others had weak or no opinions

• Uniform initial opinions (usually = 1)
• Random initial opinions 

• Honesty parameter determines the degree to which a person accurately shares 
their opinions. Ranges from 0 to 1.

Figure 2: Dynamics near an influencer (in red). Diagrams represent initial opinions, 
opinions after iteration, and the limiting steady state.

Figure 1: Networks used for this project

Network Dynamics
• Iterated application of the Laplacian to initial opinions provides network 

dynamics
• Iterated sequence of opinions approaches a steady state
• Steady state opinions are zero eigenvectors of L
• Correspond to 0-dimensional section of the discourse sheaf
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Figure 3: Sensitivity to individual Fij matrices. Graphs produced with identical initial conditions, with 
the addition of one Markov matrix on right


