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Abstract

Copositivity is a generalization of positive semi-
definiteness. It has applications in economics,
operations research, and statistics. A symmet-
ric matrix A ∈ Mn(R) is copositive (CoP) if
for any nonnegative vector x ̸= 0, x ∈ Rn, the
quadratic form Q(x) = xTAx ≥ 0. A CoP ma-
trix is ordinary if it can be written as the the
sum of a positive semidefinite (PSD) matrix and
a symmetric nonnegative (sN) matrix. However,
recognizing that a given CoP matrix is ordinary
and determining an ordinary decomposition is an
unresolved issue. Here, we discuss properties of
CoP matrices and our progress on the ordinary
recognition and decomposition problem.

Introduction

A symmetric matrix A ∈ Mn(R) is copositive
(CoP) if for any nonnegative vector x ̸= 0, x ∈ Rn,
the quadratic form Q(x) = xTAx ≥ 0. A CoP ma-
trix is ordinary if it can be written as the the sum
of a positive semidefinite (PSD) matrix and a sym-
metric nonnegative (sN) matrix. If a CoP matrix is
not ordinary, then it is called exceptional.

Basic Properties

• Inheritance: All principal submatrices of a
CoP matrix are also CoP.

• All CoP matrices form a convex cone.
• Let A = [aij] be a CoP matrix. Then:

aii ≥ 0 ∀i; when aii = 0, aij ≥ 0 ∀j;
aij ≥ −√

aiiajj ∀i, j.

• The class of CoP matrix is not closed under
taking inverses or taking Schur complement.

• The spectral radius ρ(A) of a CoP matrix A is
an eigenvalue of A.

Checking Copositivity

I. For matrices with entries from {1, 0, −1}, any
matrix contains no “forbidden patterns” below as
principal submatrices is CoP.

1 −1 −1
−1 1 −1
−1 −1 1

 &


1 −1 −1

−1 1 0
−1 0 1

 .

II. For a symmetric matrix A ∈ Mn(R) with
nonpositive off-diagonal entries, the following
conditions are equivalent: (i) A is CoP ⇔ (ii)
A is PSD ⇔ (iii) A is a Z-matrix ⇔ (iv) A is
an M -matrix.
III. In general: Kaplan’s Theorem.
A symmetric matrix A ∈ Mn(R) is CoP if and
only if every principal submatrix B of A has no
eigenvector v > 0 with associated eigenvalue λ <
0.

Dual Cone: CP Matrices

A symmetric matrix A ∈ Mn(R) is completely pos-
itive (CP) if A can be factorized as A = BBT for
a nonnegative matrix B ∈ Mn,m. CP matrices are
special PSD matrices, and CP matrices are also CoP.
All CP matrices forms the dual cone of CoP matri-
ces. In general, the product of two CoP matrices
may not be CoP. However, in the following circum-
stances, copositivity is preserved.
1) Let A = (aij), B = (bij), A, B ∈ Mn(R). Then,
the Hadamard product of A and B (A ◦ B) is
the entry-wise product of A, B such that A ◦ B =
(aijbij).
If A is CoP and B is CP. Then, A ◦ B is CoP.
2) Let A = (aij) ∈ Mm,n(R), B = (bij) ∈ Mp,q(R).
Then, the Kronecker product of A and B (A ⊗ B)
is a pm-by-qn matrix:

A ⊗ B =


a11B · · · a1nB

... . . . ...
am1B · · · amnB

 .

If A is CoP and B is CP. Then, A ⊗ B is CoP.

Ordinary vs. Exceptional

All CoP matrices with size less than or equal to
n = 4 are ordinary. An example of exceptional CoP
matrix is the 5-by-5 Horn matrix:

A =



1 −1 1 1 −1
−1 1 −1 1 1
1 −1 1 −1 1
1 1 −1 1 −1

−1 1 1 −1 1


For a PSD matrix A, a polynomial of A, p(A) is PSD
if p(t) ≥ 0 ∀t ≥ 0. Since CoP is a generalization of
PSD, we wonder what polynomial preserves CoP.
(Even power: yes, definitely; odd powers: not al-
ways.)

Counterexample: Horn matrix.

A3 =



13 −11 5 5 −11
−11 13 −11 5 5

5 −11 13 −11 5
5 5 −11 13 −11

−11 5 5 −11 13


A3 has a negative eigenvalue λ = −0.2560 associate

with positive eigenvector v =


0.4586
0.7611
0.4586

. By Kaplan,

it is not CoP.
We decided to run a large number of simulations
with ordinary (PSD + sN) and some exceptional
matrices on size n = 5, 6, 7, 8, and we get the fol-
lowing conjecture.
Conjecture: Let A be a CoP matrix. Then, A3 is
CoP if and only if A is ordinary CoP.

Ordinary Recognition &
Decomposition Problem

1 Given a CoP matrix, how to tell whether it is
ordinary or not?

2 If we have an ordinary CoP matrix, how to
decompose it into PSD + sN?

Ordinary (SPN) Graphs

We call a graph G ordinary if all copositive matri-
ces associated with the graph G are ordinary (or in
some literature, SPN graphs). Otherwise, we call
the graph exceptional.
• All trees, forests, cycles are ordinary.
• All subgraphs of a ordinary graph are ordinary.
• A graph G is ordinary if and only if every block

of G is ordinary.
• If we do edge subdivision on an exceptional

graph, the resulting graph is still exceptional.
Case n = 5: a graph on 5 vertices is ordinary if and
only if it does not contain the following [7]:

An example of exceptional graph on 6 vertices [7]:
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