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ABSTRACT
Recent papers have explored combinatorial de-

scriptions of the Kunz polyhedron, a rational polyhe-
dron whose integer points are in bijection with numer-
ical semigroups with fixed smallest non-zero element.
Each face of the Kunz polyhedron can be identified
with a finite poset. In this poster, we introduce a formal
game which we conjecture provides us with the neces-
sary and sufficient conditions to determine whether a
poset corresponds to a face. We also explicitly identify
a bijection between ridges of the Kunz polyhedron and
a certain class of posets.

THE GROUP CONE
Consider the additive group (Zm,+).

Definition. The group cone, C(G) is defined as the set
of all points in Rm−1 that satisfy the family of inequal-
ities (called facet equations):

xa + xb ≥ xa+b for a, b ∈ G\{0}, a+ b ̸= 0

where the coordinates are indexed by the non-zero el-
ements of G.

Example. Let the additive group in consideration be
(Z4,+). Then, we have the following family of inequal-
ities:

2x1 ≥ x2, x1 + x2 ≥ x3, x2 + x3 ≥ x1, 2x3 ≥ x2

The corresponding group cone looks like this:

Our project consisted in giving a combinatorial de-
scription of this polyhedron.

FACES WITH POSETS
Definition. Fix the additive group, (Zm,+). A diamond
poset on (Zm,+) is a poset ⪯ with ground set (Zm,+)
satisfying the condition:

• (Diamond Closed) For all a, b ∈ Zm, a ⪯ a + b ⪯
a+ b+ c implies a ⪯ a+ c ⪯ a+ b+ c

Example. The diamond closed property is summa-
rized by the following diagram:

Theorem. Each face F of the group cone C(Zm), with a
trivial Kunz subgroup corresponds to a diamond poset on G
where a ≺ a + b if and only if xa + xb = xa+b is a facet
equation in the H-description of F .

Example. For the group cone, C(Z4), we have the fol-
lowing correspondence

POSETS WITH RIDGES
Theorem (Ridge Theorem). All diamond posets with ex-
actly two associated facet equations form a ridge of C(Zm)
except when the associated facet equations are of the follow-
ing form,

xi + xi+m
2
= x2i+m

2

xi+m
4
+ xi+ 3m

4
= x2i

where 4|m and i /∈ ⟨m/4⟩

A COMBINATORIAL GAME
Consider a Diamond Poset , (Zm,≺). Associate an

equation with each inequality as follows:

a ≺ b xa + xb−a = xb

Then, we have the equation,∑
a≺b

2xa + 2xb−a =
∑
a≺b

2xb

Let xp + xq = xp+q be any facet equation in the group
cone. This equation is said to win the game if there is a
sequence of facet equations:

x11 + x12 = x13

...
xn1 + xn2 = xn3

with some i ∈ {1, . . . , n} where xi1 = xp, xi2 =
xq, xi3 = xp+q , such that∑
a≺b

(2xa+2xb−a)−
n∑

i=1

(xi1+xi2) =
∑
a≺b

2xb−
n∑

i=1

xi3 = 0

WINNING IS NECESSARY
Theorem. Let (Zm,≺) be a diamond poset. If (Zm,≺) cor-
responds to a face of C(Zm), then, the only equations win-
ning the game are the ones associated to its inequalities.

xp + xq = xp+q wins the game if and only if p ≺ p+ q

Example. The following poset does not correspond to
a face of the Group Cone:

Initial Equation: 2x1 + 2x3 + 2x5 + 2x7 = 2x2 + 2x6

Every facet equation in the sequence

2x1 = x2, 2x3 = x6

2x5 = x2, 2x7 = x6

wins the game. However, these equations are not rep-
resented in the poset, contradicting the theorem.

IS WINNING SUFFICIENT?
Conjecture (Bijection Conjecture). Let (Zm,+) be a di-
amond poset. If the only facet equations of C(Zm) that win
the game are associated to (Zm,+), i.e,

xp + xq = xp+q wins the game if and only if p ≺ p+ q

then, (Zm,+) corresponds to a face of C(Zm).

This condition has been checked computationally for
m ≤ 8. It is known to work even for some posets in
m = 11 like this one:

However, a complete check was not possible for m ≥ 8
due to complexity considerations.

NEXT STEPS
Problem 1. Prove the Bijection Conjecture. This will com-
pletely combinatorially describe the faces of the Group Cone.

Problem 2. Show that the Ridge Theorem is a special case
of the Bijection Conjecture.

Problem 3. Count the number of ridges (faces of co-
dimension 2) in C(Zm).

Problem 4. Are there any fast algorithms that can play the
Combinatorial Game described? With such an algorithm, we
can computationally verify the conjecture for m ≥ 8.
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