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Character Variety

Ingredients :
1. Γ (topological)- Finitely presented group (fundamental group of a surface)
2. G (geometric)- reductive, complex affine algberaic (a group with compatible variety

structure) group (e.g., SLn(C))
Idea : A “nice” equivalence class of homomorphisms from Γ to G.
Definition : The G-character variety of Γ, XΓ(G) := the quotient space
of the set of G-conjugation orbits of homomorphisms ρ : Γ → G where two
orbits are equivalent if their closures intersect.
Fun fact : If G is complex reductive, character variety is the GIT quotient.
Relevance : Different ways of imposing geometry on to the topology.
Over finite fields : If the polynomials defining XΓ(G) have integer
coefficients, then we can look at the finite field points of the variety.

Out(Γ) - Action on Character Variety

Γ = 〈γ1, · · · , γr | Ri(γ1, · · · , γr) = 1, i = 1, · · · , s〉
Outer Automorphism Group of Γ, Out(Γ) := Aut(Γ)/Inn(Γ)
Action: Aut(Γ) � Hom(Γ, G) :

α · ρ = ρ(α−1(γ1, · · · , γr))
This defines an action of Out(Γ) on the character variety XΓ(G).

A Closer Look : Γ=Zr andG=SL2(Fq)

The set, Hom(Zr, SL2(Fq)) = {(A1, · · ·Ar) ∈ SL2(Fq)r | AiAj = AjAi}.
Idea: Pairwise Commuting r-tuples of SL2(Fq).

Out(Zr) = GLr(Z).
For ρ ∈ Hom(Zr, SL2(Fq)), let ρ(γi) = Ai. Then if α−1 ∈ GLr(Z) is such
that the entry of ith row and jth column is aij, then

α · ρ = α · (A1, · · · , Ar) =
(
(A

a11
1 · · ·Aa1r

r ), · · · , (Aar1
1 · · ·Aarr

r )
)
.

Exploring Dynamics of the Group Action

How to understand the dynamics of a group action on a set?

1. Examine the extent of “mixing” of elements in the set. (e.g., transitivity)
2. Compute the orbits of the action.
3. Find the largest orbit.

Orbit : For ρ ∈ Hom(Zr, SL2(Fq)), orbit of ρ = {α · ρ | α ∈ Out(Zr)}.
The set of all elements that ρ is sent to under the action.
Transitivity : Action is transitive if orbit of ρ is the whole set.
Full mixing of elements in the set of homomorphisms.
Asympotitc Transitivity : We introduce this term to quantify
‘almost full mixing’ on sets defined over finite fields. If G is an algebraic
group and X a variety defined over integers such that G acts on the finite
field X(Fq) points of the variety denoted by Fq . The action is

asymptotically transitive if lim
q→∞

max
v∈X(Fq)

|Orb(v)|

|X(Fq)|
= 1.

When q → ∞, max orbit is almost as big as the set.

Key Result: Transitivity

Theorem

The action of Out(Zr) on the character variety, XZrSL2(F2) is not
transitive.

Sketch of Proof.

For a visual proof of the case when r = 2, see picture(a) below.

Key Idea : Observe that subgroups are closed under this action.
Identify Hom(Zr, SL2(F2)) with pairwise commuting r tuples.
Classify the three types of commuting tuples in the space of
homomorphisms - In picture(a) below,

single point (central element)
elements with three point orbits
elements with the big orbit.

The orbits with three elements are cyclic subgroups of SL2(F2)2.

Question: How can we generalize this?
(See the ‘Generalizations’ section for an answer.)

Key Result : Asymptotic Transitivity

Theorem

The action of Out(Zr) on XZrSL2(Fq) is not asymptotically transitive.

Sketch of Proof.

Stratify the space Hom(Zr, SLn(Fq)) based on the type of eigenvalues of matrices.
Count the orbits in each stratum
Note: The number of orbits can be added together to get the E-polynomial.
Identify that there are subgroups in each stratum.
Thus, observe that the size of the biggest orbit is bounded above by the size of the
stratum.

Lemma (An Upper Bound for Asymptotic Orbit Size Ratio )

As q → ∞, the ratio of the size of the biggest orbit to that of the size of XZrSL2(Fq)
is bounded by 1

2.

Avisualization of orbits for small primes

(a) Orbits under the action of Aut(Z2) on
Hom(Z2, SL2(F2))

(b) Orbits under the action of generators of Aut(Z2)
on Hom(Z2, SL2(F3))

Generalizations

Theorem (Non-Transitivity)

Let Γ be a group generated by {γ1, · · · , γr} and G a reductive affine algebraic
group over Z. Suppose there exists ρ ∈ Hom(Γ, G) such that the image of
the evaluation map, ev(ρ) ∈ Gr and ρ(γi) ∈ H ⊂ G for all i where H
is a subgroup of G with the property that there exists Y ∈ G − H and
µ ∈ Hom(Γ, G) such that µ(γi) = Y for some i. Then the action of Aut(Γ)
on Hom(Γ, G) is not transitive. Moreover if ρ and µ are polystable, then
the action of Out(Γ) on the character variety, XΓ(G) is not transitive.

If G has a subgroup H , such that there exists homomorphisms with image
‘inside’ the subgroup as well as ‘outside’ the subgroup, then the action cannot
be transitive.
Now define a group of free type to be a finitely generated group with an au-
tomorphism group that allows permutations, inversions, left multiplication and
right multiplication of coordinates.

Theorem (Large Orbit)

Let G be a finite group and Γ be a group of free type with n ≥ 2r generators
where r denotes the minimal number of generators for G. Then Aut(Γ)
acts transitively on the set of epimorphisms from Γ to G.

When the number of generators of Γ is sufficiently large, the set of epimorphisms
form a ‘Large Orbit’.

Conclusion

We look at the action of outer automorphism group of Zr on the
conjugation orbit set of homomorphisms from Zr to SL2(Fq).
This action is not transitive since SL2(Fq) have proper subgroups
which creates closed orbits.
This action is not asympotitcally transitive as orbits are trapped
within different strata. Counting the size of the strata confirms that the
maximum size of the orbit cannot exceed half of the size of the space.
The non-transitivity result can be generalized to the action of a finitely
presentable group to an affine algebraic group, G based on the existence
of proper non trivial subgroups of G.
When Γ has free group type properties, the set of epimorphisms
form a transitive subset of the set of homomorphisms.

Future Directions

Immediate Goal: Prove or disprove the asymptotic transitivity result for
G = SLn(Fq) for all values of n.
Long Term Goal: Develop the theory of asymptotic transitivity in a formal
manner and draw a parallel picture to ergodic action on character varieties
over characteristic zero.
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