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What is Coding Theory?
In today’s world, transferring information digitally, be it

through text messages using Whatsapp or through signals
transmitted to TV antennas from satellites, has made our
lives easier. However, the transfer of digital data through
communication channels like wire, network, air, etc is not
always reliable. Due to noise, an undesirable disturbance in
a communication channel, the information received is some-
times different from the information that was sent. Fortu-
nately, thanks to the dynamic field of coding theory, the ef-
ficient and accurate transfer of information over noisy com-
munication channels has become smoother than ever.

A Communication System

Linear Codes
When the alphabet F is a finite field Fq, a code C is called a

linear code over Fq if C is a vector subspace of Fn
q.

A linear code C has three fundamental parameters:
1. Length n

The number of “letters” in each codeword of C.
2. Dimension k (≤ n)

The number of basis elements for C
(The number of “information” bits in a codeword”.)

3. Minimum Distance d
min{d(u,v) : u,v ∈C,u ̸= v}
The distance between the codewords below is 3:

1001110111

1011110010

These codes are represented as [n,k,d]q codes, where q is
the size of the finite field Fq over which C is a vector space.
A code with distance d can detect d − 1 errors and correct
⌊d−1

2 ⌋ errors. So, for a given length and dimension, it is ideal
to construct a code with the highest possible minimum dis-
tance to maximize its error detection and correction capabil-
ity. This task of finding linear codes with the highest possi-
ble minimum distances for a given length and dimension is
one of the main challenges in coding theory with many open
cases.

Cyclic and Constacyclic Codes
Many record breaking codes are cyclic codes or from their

generalizations. Constacyclic codes are one important gen-
eralization of cyclic codes. They establish a key link with al-
gebra based on the representation of a vector c=(c0,c1, ...,cn−1)

as the polynomial c(x) = c0+ c1x+ · · ·+ cn−1xn−1.
Definition Let a be a non-zero constant in Fq. A linear code
C is called constacyclic (CC) if it is closed under the consta-
cyclic shift operator, i.e., whenever c = (c0,c1, ...,cn−1) is a
codeword of C, then so is πa(c) = (acn−1,c0, .....,cn−2).
If a = 1, the code is called cyclic. For any CC code C, there

exists a unique polynomial g(x) that generates C and it is a
divisor of xn−a. It is called the generator polynomial of C.
From the generator polynomial g(x) = g0+g1x+ · · ·+gmxm

of a CC code C, we obtain its generator matrix as an a-
circulant (twistulant) matrix

Circ(g) =


g0 g1 · · · gm 0 · · · 0
0 g0 g1 · · · gm 0 · · · 0
. . .

0 . . . 0 g0 g1 · · · gm


where each row is the constacyclic shift of the row above.

Abstract
One of the main goals of coding theory is to construct codes

with the best possible parameters and properties. Quasi-
twisted (QT) codes, a special class of linear codes, is well-
known to produce codes with good parameters. In this work,
generalize the ASR algorithm that has been very effective to
produce new linear codes from 1-generator QT codes to the
case of 2-generator QT codes. From our computer searches,
we have found 103 QT codes that are new among the class
of QT codes which all have the same parameters as best
known linear codes (BKLCs), and most have additional de-
sired properties such as being LCD and dual-containing. Fur-
ther, we have also found a binary 2-generator QT code that
is new among all binary linear codes and its extension yields
another record breaking binary linear code.

Quasi-Twisted Codes
Quasi-Twisted (QT) codes are generalizations of CC codes

where the shift occurs by ℓ positions for any ℓ ≥ 1. A lin-
ear code C is said to be ℓ-quasi-twisted (QT) if it has the
property that for a positive integer ℓ that divides n, if c =

(c0,c1, ...,cn−1) is a codeword, then so is
(acn−ℓ, ...,acn−1,c0,c1, ...cn−ℓ−1). Such a code is called a QT
code of index ℓ, or an ℓ-QT code. The case when a= 1 yields
the important special case of quasi-cyclic (QC) codes.
In general, a generator matrix of an r-generator ℓ-QT code

has the following form:

G =


G11 G12 · · · G1ℓ

G21 G22 · · · G2ℓ
... ... ...

Gr1 Gr2 · · · Grℓ


where each Gi j is a circulant matrix corresponding to a con-
stacyclic code.

Search Experiments for
2-generator QT Codes

A generator matrix of a 2-gen QT code of index ℓ has
the following form:

G=
[
Circ(g11(x)) Circ(g12(x)) · · · Circ(g1ℓ(x))
Circ(g21(x)) Circ(g22(x)) · · · Circ(g2ℓ(x))

]
.

Following an approach similar to the effective ASR al-
gorithm, we based our 2-generator QT code search ex-
periments primarily on the following theorem:

Theorem 1.1 Let g be the standard generator of
a CC code Cg of length m over Fq, i.e., xm−a =

gh1. Let p be a polynomial over Fq such that p
divides h1. Let h2 =

(xm−a)
p·g . Let C be a 2-gen QT

code with a generator of the form

g(x) =
[

g f11 g f12 · · · g f1ℓ

0 pg f22 · · · pg f2ℓ

]
where gcd( f1 j,h1) = 1 and gcd( f2 j,h2) = 1. Let
k1 =m−deg(g) and let k2 =m−deg(p·g). Then,
the dimension of the QT code generated by g(x)
is k = k1+k2 and d(C)≥ d where d is the mini-
mum distance of the CC code generated by g.

Additionally, we obtained many good results by carry-
ing out some variations of Theorem 1.1, one of which
was to simply set p = 1 from Theorem 1.1.
The other variation considered g1 = 1 and g2 as the

standard generator of a CC code Cg of length m and dim
k, i.e. xm − a = g2h with k = deg(h) = m − deg(g2).
Then, C is a 2-generator QT code with a generator ma-
trix G of the form[

f11 f12 · · · f1ℓ

0 g2 f22 · · · g2 f2ℓ

]
where deg(g2) starts from the highest possible value and
decreases subsequently and gcd( f2 j,h) = 1.

Results
• A record-breaking 2-generator binary QC code with
parameters [111,38,25]2

• Another record-breaking linear code with parameters
[112,38,26]2 from the extension of [111,38,25]2.

• 103 new QT codes that have the same parameters as
BKLCs. Many of them also have additional desired
properties, with LCD and dual-containing marked as
* and ** respectively below.

[39,24,6]2*
[57,36,8]2*
[63,40,8]2*
[42,28,7]3*

[54,36,8]3*
[30,8,16]5*
[42,16,16]5*
[33,12,15]7*

[38,3,31]7*
[44,34,5]3**
[20,16,3]3**
[112,96,6]3**

[136,118,6]3**
[14,11,3]4**
[8,6,3]7**
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