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Abstract

Let K be a simplicial complex. In 1998, Robin Forman developed gradient vector fields as a tool to study these complexes. Having gradient vector fields to
study these simplicial complexes, in 2005, Chari and Joswig discovered the Morse complex. Although the Morse complex has been studied since 2005, there is
little information regarding its homotopy type for different simplicial complexes. Pursuing our curiosity of the topic, we extend a result by Ayala et. al., stating
that for a tree, T , Mp(T ) is strongly collapsible. We also extend a result by Kozlov to show that a path, P3n, is strongly collapsible. Additionally, we provide
alternate proofs for the results by Ayala et. al. as well as Kozlov. Furthermore, we realize cocktail-party graphs as the 1−skeleton of the core of M (Pt), compute
the homotopy type for centipede graphs, cycles with a single leaf, and some paths with a single leaf. By using multiple partitioning and matching strategies, we
provide a framework to pursue homotopy types of more involved Morse complexes.

Gradient Vector Fields

On the left, we illustrate a primitive gradient vector field . This
corresponds to a vertex in the Morse complex.
In the middle, we illustrate a maximum gradient vector field .
This corresponds to a top-dimensional facet in the Morse complex.
On the right, we illustrate a maximal gradient vector field . This
is not maximum, and thus the facets representing these in the Morse
complex are removed to create the pure Morse complex.

Extending Results by Ayala et. al. and Kozlov

The pure Morse complex of a tree is strongly collapsible.
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Let P3n be a path on 3n vertices. Then M (P3n)↘↘ ∗.
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Construction of the Morse Complex
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Fig. 1: Simplicial Complex P4

Let n ≥ 0 be an integer and [vn] := {v0, v1, . . . , vn} a collection of n + 1 symbols. A simplicial
complex K on [vn] or a complex is a collection of subsets of [vn], excluding ∅, such that if σ ∈ K
and τ ⊆ σ, then τ ∈ K, and {vi} ∈ K for every vi ∈ [vn].
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Fig. 2: Hasse Diagram for P4

Let K be a simplicial complex. The Hasse Diagram of K, denoted HK or H, is defined as the
partially ordered set of simplices of K ordered by the face relations. We organize the diagram by placing
nodes in rows such that every node in the same row corresponds to a simplex of the same dimension.
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Fig. 3: Morse Complex for P4

Let K be a simplicial complex. The Morse Complex of K, denoted by M (K), is the simplicial
complex on the set of edges of H(K) defined as the set of subsets of edges of H(K) which form discrete
Morse matchings (acyclic matchings), excluding the empty matching.

Centipede Graphs, Cycles with a Leaf, and Paths with a Leaf
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Fig. 4: Strong collapse sequence of the Morse complex of a C3 graph

Let Cv be a centipede graph. Then M (Cv) ' Sv−1.
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Fig. 5: Strong collapse sequence of the Morse complex of (C4 ∨ l)

M (Cn ∨ l) '


∗ if n = 3k

S2k if n = 3k + 1

S2k+1 if n = 3k + 2.
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Fig. 6: Strong collapse sequence of the Morse complex of (P4 ∨ l)

Let vk be a vertex of Pt, 1 ≤ k ≤ t−2. Then M (Pt∨vk l) ' M (Pk+2)∗M (Pt−(k+2))∗
M (l).


