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Ham Sandwich Theorem

You are sharing a sandwich, made of bread, ham, and cheese, with
a friend. Can you cut this sandwich once with a knife, so that each
half contains exactly half of each ingredient? The ham sandwich
theorem proves the existence of such cut:

Let µ1, µ2, . . . , µd be finite Borel
measures on Rd such that for
each µi and for each hyperplane
H, µi(H) = 0. Then there exists
a hyperplane H such that

µi(H
+) =

1

2
µi(Rd) for i = 1, 2, . . . , d.

Fig. 1: A line halving two measures in R2.

Each measure represents an ingredient of a sandwich, so we can
split d-ingredient sandwich in Rd by cutting along a hyperplane in
Rd.

Summery of Results

Question: Can we partition more than d measures in Rd with a
more complicated boundary than a hyperplane?
= can we cut a sandwich with more ingredients using more compli-
cated "knife"?

The followings are the boundary shape and the number of measures
it can partition:

1. Polynomial of degree ≤ k − 1 (k measures in R2)

2. d− 1-sphere (d + 1 measures in Rd)

3. Sine wave (3 measures in R2)

4. Triangle/quadrilateral (3 measures in R2)

5. Two parallel hyperplanes (d + 1 measures in Rd)

6.n-gon, any portion (n nicely separated measures in R2)
→ d-polytope with n facets (n nicely separated measures in Rd)
→ d-polytope with n vertices (n well-separated measures in Rd)

The gray item is a known result, while the black items are known but
proven with our new method, and the blue items are new results.
This poster focuses on items 2, 3, and 5.

Measures here are finite Borel measures, absolutely continuous
with respect to Labasgue measure.

Lifting Method

1. Lift d + 1 measures in Rd to a surface S in Rd+1

2. Apply ham sandwich theorem to the lifted d+ 1 measures in Rd+1 to find a
hyperplane H that halves each of the d + 1 measures.

3. Project the d + 1 measures and the intersection of S and H back onto Rd

to get equipartition of d + 1 measures in Rd.

Changing the surface S and the function of lifting results in different bound-
aries of equipartition.

Circular and Sine Wave Sandwich

Given an integer d > 0, a real number
α > 0, and d+1 measures in Rd, there
exists either a sphere or a hyperplane
halving each measure.

Fig. 2: A circle halving 3 measures in R2.

To get a sphere boundary, lift the mea-
sures in R2 to a sphere in R3 via
a stereographic projection, and cut it
with a ham-sandwich plane.
Key property: circles on S2\{N} are
sent to circles or lines on the plane.

Fig. 3: Stereogrpahic projection.[1]

Given a real number α > 0 and three
measures in R2, there exists a sine
wave of period α halving each mea-
sure.

Fig. 4: A sine wave halving 3 measures in R2.

To get a sine wave boundary, lift the
measures in R2 to a cylinder in R3, and
cut it with a ham-sandwich plane.
Key property: intersections of a
plane and a cylinder are sent to sine
waves on the plane.

Fig. 5: A sine wave on a cylinder.[2]

Two Parallel Hyperplane Sandwich

Given an integer d > 0 and
d + 1 measures in Rd, there exist
two parallel hyperplanes so that
the region between them con-
tains exactly half of each mea-
sure. Fig. 6: Two parallel lines halving 3 measures in

R2.

To get two parallel hyperplane
boundary, lift to a union of half-
planes, and cut it with a ham
sandwich plane.
The intersection of this surface
and a plane projects back as two
hyperplanes. Using Stiefel mani-
fold, strengthen the result to two
parallel hyperplanes.
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Fig. 7: Lifting two measures in R2 to a v-shaped

surface in R3.

Given d + 2 measures in Rd,
lift them to a sphere in Rd+1 by
stereographic projection, and ap-
ply two parallel hyperplane cut to
get two concentric spheres split-
ting d + 2 measures. Fig. 8: Two concentric spheres halving 4

measures in R2.
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