
Coloring intersection points of line segments

Problem Statement

Selected Findings

The Erdős-Faber-Lovász (EFL) Conjecture is a famous problem about coloring the nodes of a network,
formulated in 1972. The conjecture was recently solved for all but finitely-many instances by Kang et al.;
this inspired new investigation of variants of the conjecture. We consider a variant of the EFL Conjecture,
aimed at finding the minimum number of colors with which the intersection points of a set of line segments
can be colored, so that no points on the same segment have the same color.

Abstract

• The Erdős-Faber-Lovász Conjecture states that if 𝐺 is a graph consisting of 𝑛
copies of 𝐾𝑛, each pair of which has at most one vertex in common, then
𝜒(𝐺) = 𝑛

• We investigated a variant of the EFL Conjecture that entails finding the
minimum number of colors with which the intersection points of a set of line
segments 𝑀 can be colored, so that no points on the same segment have the
same color; this minimum number of colors is denoted 𝜒(𝑀)

Samuel Lowery1 (stl1006@sru.edu), Boris Brimkov2 (boris.brimkov@sru.edu)
1,2Department of Mathematics & Statistics, Slippery Rock University, United States

Importance
• This is a computationally difficult and theoretically important

problem that could help bridge the gap between graph
theory and geometry

• It could have implications in the various practical areas that
can be modeled as graph or segment coloring problems,
including sports scheduling, register allocation, pattern
matching, exam timetabling, and solving Sudoku puzzles

• 𝑤(𝑀) and |𝑀| are easy to compute

• 𝜒 𝑀 is generally hard to compute

• For any segment set 𝑀, 𝑤 𝑀 ≤ 𝜒 𝑀 ≤ |𝑀|

• Experimentally, 𝜒 𝑀 is usually a lot closer
to 𝑤 𝑀 than to |𝑀|

• Investigated 𝜒 𝑀 for segment sets 𝑀 with
special structure

Preliminaries
• A graph is made up of vertices, and edges connecting pairs of vertices;       

if two vertices are connected by an edge, they are adjacent

• A complete graph is a graph in which every pair of vertices are adjacent; 
the complete graph on 𝑛 vertices is denoted 𝐾𝑛

• Coloring a graph means assigning colors to its vertices so that adjacent 
vertices get different colors

• The chromatic number of a graph 𝐺, denoted 𝜒 𝐺 , is the least possible 
number of colors with which 𝐺 can be colored

Left: A coloring of the graph using 4 colors. Right: A coloring of the graph using 3 colors. 
The chromatic number of the graph is 3, since there is no coloring using less than 3 colors.

• Find chromatic number for other families of segments 
with special structure, for example, the segments formed 
from the set of all diagonals on a 2 × 𝑛 grid

• Try to find a segment set where 𝜒 𝑀 ≥ 𝑤 𝑀 + 3

Selected Methodology

• For bisected polygon arrangements, first noticed small examples of
bisected shapes like a triangle and a square

• Tested shapes with more sides and saw 𝜒 𝐺 = 𝑤 𝑀 + 2 for odd-
sided polygons

• Wrote an integer program to help verify the pattern for larger cases

• Proved the result analytically for all cases

- Converted the set of segments to a graph

- Described a proper coloring

- Showed that no smaller coloring exists

Future Work
• The largest number of intersection points

of a line segment in a set of line segments
𝑀 is denoted 𝑤 𝑀

• The number of segments in a set of line
segments 𝑀 is denoted |𝑀|

Left: the intersection points in a set of segments 𝑀. Right: a minimum 
coloring of the intersection points. Here, 𝑤 𝑀 = 𝜒 𝑀 = 5 and 𝑀 = 12

- By construction of the graph, minimality of coloring extends to segment set

Schedule meeting times for groups

Group 1 members: A, B, C, D, E, F

Group 2 members: G, H, I, J, K

Group 3 members: C, D, E, F, G, H

Group 4 members: I, J, K, L, M

Group 5 members: M, N, O, P

Group 6 members: A, B, C, L, M, N
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Since the graph has a 3-coloring, three meeting times suffice

mailto:stl1006@sru.edu
mailto:boris.brimkov@sru.edu

