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Main Results

Let ℓ be an odd prime integer, and let K be a field of characteristic not 2, 3 and coprime to ℓ containing a primitive ℓ-th root of unity. For an elliptic curve E over K, we consider the standard Galois representation

ρE,ℓ : Gal(K/K) → GL2(Fℓ),

and denote the fixed field of its kernel by L. The Brauer group Br(E) of an elliptic curve E is an important invariant. A theorem by Merkurjev and Suslin implies that every element of the ℓ-torsion ℓBr(E) can be written as a product of symbol algebras. Recently, the last author gave an
algorithm to compute elements in the Brauer group explicitly, deducing an upper bound of the symbol length in ℓBr(E)/ℓBr(K) of 2

ℓ[L : K] if ℓ divides [L : K] and 2[L : K] otherwise. Since [L : K] divides the order of SL2 (Fℓ), this implies that the symbol length is always bounded above by
2(ℓ+ 1)(ℓ− 1). Combining this with an algorithm by Rosset-Tate for corestrictions and explicit norm computations, we improve this bound to [L : K]− 1 in the case that ℓ ∤ [L : K]. Under the additional assumption that Gal(L/K) contains an element of order d > 1, the symbol length of

ℓBr(E)/ℓBr(K) is bounded above by (1− 1
d)[L : K]. In particular, these bounds hold for all CM elliptic curves, in which case we deduce an upper bound of ℓ+1 on the symbol length. We provide an algorithm implemented in SageMath to compute these symbols explicitly over number fields.

Basic Definitions

A central simple algebra (CSA) over F is a finite F -algebra with centre F and no non-trivial two-sided ideals. The Brauer group
Br(F ) of a field F with absolute Galois group GF is H2(GF , (F

sep)×). It may be identified with equivalence classes of central simple
algebras over F under the operation of tensor product, where A ∼ B if and only if there exist m,n such that we have an isomorphism of
matrix algebras Mn(A) ∼= Mm(B).
A symbol algebra over a field F containing a primitive ℓ-th root of unity is a CSA of the form

(a, b)ℓ,F := F
〈
x, y : xℓ = a, yℓ = b, xy = ζ

ℓ
yx
〉

For Brauer groups Br(F ), the symbol length lenF (n) is minimal such that every Brauer class of order dividing n has a representative
equal to a tensor product of lenF (n) symbol algebras. We wish to upper bound the symbol length, which exists by the following theorem:

Theorem 1: A theorem of Merkurjev and Suslin
Let F be a field with a primitive ℓ-th root of unity. Then every element of the ℓ-torsion of the Brauer group, written as ℓBr(F ), can be
expressed as a tensor product of symbol algebras.

An explicit computation of the Brauer group of an Elliptic Curve

We focused our attention on the special case of elliptic curves: the Brauer group Br(E) of an elliptic curve E defined over a field K is a
torsion abelian group and a subgroup of the Brauer group of its function field Br(K(E)). It is also isomorphic to the unramified Brauer
group of K(E) by purity. We seek to understand the prime torsion of Br(E) through the exact sequence

0 ℓBr(K) ℓBr(E) ℓH
1(GK, E) 0ri .

We will now describe a split to r that gives us the desired decomposition of ℓBr(E). We will use a map ε : H1(GK, E[ℓ]) → ℓBr(E). For
reasons given by Chernousov and Guletskĭı 2001 and Ure 2019, this will induce a split to r, allowing us to write ℓBr(E) = ℓBr(K)⊕ Im(ε).
When all ℓ-torsion points are rational, we can define our map ε as follows. First, fix a basis P,Q for the torsion group E[ℓ], which gives us

an isomorphism E[ℓ]
∼−→ Z/ℓZ× Z/ℓZ. Then there is an isomorphism from H1(K,E[ℓ]) to

(
(K×/(K×)ℓ

)2
by Kummer theory. The map ε

is given by
(a, b) 7→ (a, tP )ℓ,K(E) ⊗ (b, tQ)ℓ,K(E).

In the more general case we take L to be the minimal extension of K such that the ℓ-torsion is rational. If ℓ ∤ [L : K], then restriction is
injective and corestriction is surjective, we define ε̄ as before and use the following diagram to define ε as the composition
[L : K] ◦ ε = Cor ◦ε̄ ◦ Res :

0

EK/ℓEK

H1 (GK, E[ℓ]) 0

0 ℓBr(K) ℓBr(E) ℓH
1
(
GK, E

)
0 EL/ℓEL

0 H1 (GL, E[ℓ]) ∼=P,Q

(
(L×/(L×)ℓ

)2
0 ℓBr(L) ℓBr(EL) ℓH

1
(
GL, E

)
0

0

Res

Cor
ε̄

ε

Techniques for computing Restriction and Corestriction

We can calculate the image of the restriction map by exploiting the fact that Res ◦Cor is a norm map and that Cor is surjective.
On the level of symbol algebras, this acts by choosing a basis P , Q of E[ℓ]. Then by Kummer theory

H1(GL, E[ℓ]) ∼=P,Q H1(GL,Z/ℓZ× Z/ℓZ) ∼= H1(GL,Z/ℓZ)×H1(GL,Z/ℓZ) ∼= L×/(L×)ℓ × L×/(L×)ℓ

Writing g−1 =

(
cg1 cg3
cg2 cg4

)
, this action is given explicitly by

g · (a, b) =
((

g−1(a)
)cg1 (

g−1(b)
)cg3

,
(
g−1(a)

)cg2 (
g−1(b)

)cg4)
.

To compute corestriction, we use an algorithm given in Rosset and Tate 1983, p. 44, which we implemented in SageMath. The definition of
the algorithm tells us immediately that the corestriction of a single symbol algebra can be written as the product of [L : K] symbol
algebras: this gives a bound of 2[L : K] on the symbol length. Exploiting the fact that we only computed corestriction on elements of the
image of the norm map allowed us to significantly improve this bound.

Theorem 2: New bounds
If there exists an element of the Galois group σ of order d > 2, we can pick a basis such that σ(P ) = Q, and such that all elements of the
norm map are of the form

(a, tP )ℓ,L(E) ⊗ (σ(a−1, tσ(P ))ℓ,L(E)

Since corestriction is invariant under the Galois action, we see that this has the same corestriction as

Cor

(
α,

tP
σ2(tP )

)
ℓ,L(E)

Furthermore we know that α has norm 1: this tells us that the first step in Rosset & Tate’s algorithm gives us a trivial symbol algebra.
Together, these give us an upper bound on the symbol length of [L : K]− 1, as long as [L : K] > 2 and ℓ ∤ [L : K].
Furthermore, if the Galois group of L/K has a subgroup of order d > 1, then we pick an intermediate subfield K ′, apply the above result
to the extension L/K ′, then apply corestriction again from K ′ to K. This gives an upper bound of (1− 1

d)[L : K].

Theorem 3: CM Elliptic Curves
The hypotheses hold in the case of CM elliptic curves over number fields. In this case we can exploit knowledge of the admissible subgroups
of GL2(Fℓ). We know that the image of the Galois representation is either contained in a split or a nonsplit Cartan subgroup of GL2(Fℓ).
In the first case we have an upper bound on the symbol length of ℓ− 1, and in the latter case we have a bound of ℓ + 1.
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