
Project Objective
To quantify the potential benefit of non-uniform fractionation 
over conventional uniform fractionation for patients with 
multiple brain metastases.
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Mathematical Model
We use a large-scale mixed-integer nonlinear program to 
compute the optimal beamlet intensities and fractionation 
schemes for non-uniformly fractionated treatment plans. 

Minimize:
● (a): mean BED of healthy voxels.

Subject to:
● (b): minimum dose delivered to target voxels.
● (c) - (d): each lesion adheres to one fractionation scheme 

only.
● (f): beamlet intensities are nonnegative.
● (e), (g), (h): defining d and the binary variables.

Notation:
● dvf: dose delivered to voxel v on fraction f.
● ykg = 1 if lesion k is irradiated in exactly g uniform fractions.
● dg

lo is the minimum physical dose on each fraction for target 
voxel undergoing the g-uniform fractionation scheme.

● zkf = 1 if lesion k receives dg
lo in fraction f.

● D: dose-influence matrix.
● xjf: intensity of beamlet j on fraction f.

Example (ctd.)

Discussion
● We have some evidence in 2-D patients suggesting that 

non-uniform fractionation could be beneficial.
● We hypothesize that the benefit will be more apparent in 3-D 

patients because of decreased overlap in high dose regions.
● Next step: optimize treatment plans for real 3-D patients. 
● Challenge: current formulation cannot compute solutions for 

3-D patients in a remotely reasonable timeframe.

Radiotherapy
Radiotherapy is a common form of cancer treatment that uses 
high doses of radiation to destroy tumors. Radiation beams are 
delivered from multiple angles to conform closely to the tumor 
shape in order to avoid radiating healthy tissue.

● Blue regions are where the 
non-uniform BED is lower. 
Vice versa for red.

● Non-uniform is better in 
areas further from 
metastases. E.g. large blue 
streak across middle.

● Uniform is better in areas 
immediately surrounding 
metastases. E.g. red voxels 
around bottom-left tumor.

Figure 2: difference between 
optimal non-uniform BED and 
uniform BED distributions

Fractionation
Treatment occurs over several (3-30) fractions (days). We 
observe two types of fractionation:
1. Uniform fractionation: standard clinical practice, same 

treatment plan is delivered on each day.

2. Non-uniform fractionation: not currently standard 
practice, treatment plan delivered on each day can differ.

BED Model
● Even with the same physical dose, different fractionation 

schemes damage cells differently.
● The Biologically Effective Dose (BED) model captures this 

effect. A higher BED corresponds to more damage to tissue. 
● For a treatment plan with n fractions, the BED delivered to 

voxel v is given by

Mean healthy 
BED (Gy)

95th percentile 
healthy BED 

(Gy)

% healthy voxels 
with BED ≥ 60 Gy

Non- 
uniform 20.1 56.0 4.3%

Uniform 24.1 70.1 8.1%

Visual Comparison of BED Distributions

○ Create abstract 2-D patient in 
MATLAB.
■ Blue: metastases.
■ Yellow: healthy cells. 

○ Compare:
■ Optimal non-uniform scheme.
■ Optimal uniform scheme.

Figure 1: example patient

Example

Compare fractionation schemes by BED




