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Inverse scattering problems involve an incident wave uin sent
through a scattering object, and then partial measurements of the
scattered wave usc are used to determine the scattering object.
When considering a two-dimensional 2π-periodic structure, we can
use the Helmholtz equation

∇2usc + k2nusc = −k2(n − 1)uin in R2

usc(x) =

{∑
j∈Z û+

j ei(αjx1+βj(x2−h)) x2 ≥ h∑
j∈Z û−

j ei(αjx1−βj(x2+h)) x2 ≤ −h

Where αℓ = α + ℓ and βℓ =
√

k2 − α2
ℓ when k is the wave

number, n is the refractive index of the medium, and û±
j are the

Rayleigh coefficients of usc.

Figure: Diagram of scattering through a periodic structure.

The Rayleigh coefficients of the Green’s function are given by

r̂±j (x) =
i

4πβj
e−iαjx1±βj(x2∓h)

Figure: Example of a periodic structure.

Our results showed that the following functional behaved as an
indicator function for the scattering object:

I(x) :=
N∑

ℓ=1

∣∣∣∣∣∣
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βj

(
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j (ℓ)r̂
+
j (x) + û−

j (ℓ)r̂−j (x)
)∣∣∣∣∣∣

p

for p ∈ N and p ≥ 1. The outer sum is a summation over all N
incident wave directions. This imaging functional is extremely
stable, even in the presence of high levels of noise.

Theoretical Analysis and Numerical Results

Theorem 1 The imaging functional I(x) satisfies

I(x) =
N∑

ℓ=1

∣∣∣∣∣k2

2π

∫
Ω
ℑG(y , xq)q(y)u(y) dy

∣∣∣∣∣
p

where

G(s, t) =
i
4

∑
n∈Z

e−2πiαnH(1)
0

(
k
√
(s1 − t1 + 2πn)2 + (s2 − t2)2

)
.
Theorem 2 For δ > 0 let usc

δ satisfy ∥usc
δ − usc∥ ≤ δ and Iδ(x) be

the corresponding imaging functional to usc
δ . Then

∥Iδ(x) − I(x)∥ = O(δ)

for all x ∈ Ω.
Note that the functional is a finite sum over known values, making it
very inexpensive to compute numerically.

Figure: Image reconstructed using the Factorization method with 10% noise.

Figure: Image reconstructed using I(x) with 20% noise.

From these reconstructions, we can see that the new functional is
much more capable of determining the geometry of the periodic
scattering object in the presence of high levels of noise (see
Theorem 2) than the Factorization method .

Future Topics

▶ Extend the analysis to the transverse magnetic case and
Maxwell equations.

▶ Extend results to other inverse problems.
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