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Advised by Diana Davis, Samuel Lelièvre, Sunrose Shrestha, and Jane Wang at Summer@ICERM 2021

Abstract
Recently, the study of polygonal billiards – that is, the

characterization of paths taken by idealized balls rolling in
straight lines without friction on tables shaped like regular
polygons, bouncing off the sides at the angles one would ex-
pect – has been the subject of some interest. We consider,
in particular, methods to study billiard trajectories via the
concept of language complexity, a function of n which gives
the number of words of length n in some language.

It is common to analyze the complexity of billiard trajec-
tories by viewing them as words expressed in the labels of
the sides of the table, with letters in a word corresponding to
bounces in a trajectory, and analyzing the complexity of the
language formed in the process. We present work towards
a proof of a conjecture that the language complexity of the
hexagon is, asymptotically, 621

32π2n
3. This involves calculating

the asymptotic density of lattice points on the hexagonal grid
and making progress towards finding the number of trajecto-
ries on the grid bounded by some given length.

The Problem

Label each edge of a regular polygon, say, a hexagon. Start
a billiard ball rolling from a certain point at a certain angle.
This gives a word made up of the edges hit by the ball. These
words go on forever in both directions, so this one might look
like

. . . CAFEDCBE . . .

The language complexity of the hexagon, p(n), is the
number of distinct sub-words of length n which can be found
in at least one of these infinite words.

By a theorem from [1],

p(n) =

n−1∑
j=0

Nc(j)

where Nc(j) is the number of generalized diagonals, tra-
jectories that start at one vertex and finish at another, strik-
ing j sides along the way and not going through any other
vertices.

We wish to find the asymptotic complexity of p(n), which
leads us to investigate that of Nc(j).

The Hexagon Grid

By “unfolding” the single hexagon into a lattice grid that
tiles the plane, and then carrying out a skew to make the sides
either vertical, horizontal, or diagonal at an angle of π/4, we
can reduce the problem of asymptotically determining Nc(j)
to two independent questions:

1. Asymptotically, what fraction of vertices on the hexagon
lattice are unblocked? That is, to how many vertices can
we draw trajectories from the zero point?

2. Given a visible vertex, how many edges does the trajectory
from the origin cross to get there?

Density of Unblocked
Vertices

Unblocked points on the square grid are those with coprime
coordinates. Asymptotically, of the n2 points within Man-
hattan distance n of the origin, 1

ζ(2)n
2 = 6

π2n
2 are unblocked.

We say that the density of unblocked points is 6
π2.

Theorem 1.The vertices in the skewed hexagon lattice
are those (i, j) on the square lattice for which

• gcd(i, j) = 1, i + j = 0, 1 mod 3

• gcd(i, j) = 2, i + j = 2 mod 3

from which we calculate a density of 23
32 ×

6
π2 = 69

16π2.

Counting Edges Crossed

Given an unblocked vertex (x, y), we wish to estimate the
number of edges in this grid crossed by the trajectory from the
origin. Denoted L(x, y), this is the combinatorial length
of the trajectory.

Orthogonal edges connect to form uninterrupted curves (bold)
that approximate lines of slope −1. Existing methods yield
x+y

3 intersections between the trajectory (x, y) and these edges.
The diagonal edges of slope 1 are more difficult to count—

the gaps in between make L(x, y) very sensitive to perturba-
tion near certain slopes.

Transforming and Counting
Diagonal Edges

To count crossings with diagonal edges, we apply an affine
transformation to the entire plane to make the edges vertical.

Theorem 2. In the transformed plane, the number of ver-
tical segments that cross a trajectory from (0, 0) to (i, j)
is i

3 − E(i, j), where

E(i, j) =

i∑
k=1

({
kj

3i
+

1

3

}
−
{
kj

3i

})
is the error term.

AssumingE(i, j) = 0 uniformly yieldsL(x, y) = 2
3 max(x, y)

in the hexagon grid, giving Nc(j) ∼ 6
(

3j
2

)2 ( 69
16π2

)
= 1863

32
j2

π2,
and thus the complexity conjecture

p(n) ∼ 621

32

n3

π2
.

Bounding the Error

Although E(i, j) is not uniformly 0, it suffices to prove that
E(i, j) is “sublinear almost everywhere”. More precisely:
consider the region Rn := [1, n] × [1, n]. We wish to find
f (n) ∈ o(n), g(n) ∈ o(n2) such that the size of the set
{(i, j) ∈ Rn | |E(i, j)| > f (n)} is bounded by g(n).

Plotted is |E(i, j)| in R200, with lighter pixels indicating
higher error. Note that the error

• increases linearly near lines with a rational slope whose
numerator is divisible by 3.

• is periodic in j with period 3i: E(i, j) = E(i, j + 3i).

Evidence for the Complexity
Conjecture

Actual value of p(n)
n3 for n ∈ [1, 600], compared to conjectured

asymptotic value 621
32π2 .
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