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Abstract

If a Lie group is non-Abelian but has a codimension 1 Abelian subgroup, we
say that the Lie group is almost Abelian. We show that all discrete subgroups
of complex simply connected almost Abelian groups are finitely generated. The
topology of connected almost Abelian Lie groups is studied by expressing each
connected almost Abelian Lie group as a quotient of its universal covering group
by a discrete normal subgroup. We then prove that no complex connected
almost Abelian group is compact, and give conditions for the compactness of
connected subgroups of such groups. Towards studying the homotopy type of
complex connected almost Abelian groups, we investigate the maximal compact
subgroups of such groups.

Background

We begin with some important definitions that we use in our propositions and
proofs.

Definition: A Lie group is a group that is also a smooth manifold with smooth
multiplication and inversion maps.

Definition: A Lie group is said to be almost Abelian if it is non-Abelian, but has
a codimension 1 Abelian Lie subgroup.

Definition: A Lie algebra is a vector space g with a bracket operation [·, ·], such
that

• the bracket operation is bilinear,

• skew-symmetric (i.e. [X, Y ] = −[Y,X ]),

• and satisfies the Jacobi identity: [X, [Y, Z]] + [Y, [Z,X ]] + [Z, [X, Y ]] = 0, for
all X, Y, Z ∈ g.

A Lie group G has an associated Lie algebra g which is the tangent space to G at
its identity element. There exists a map exp : g → G called the exponential map.
This map allows us to study the underlying Lie group by examining its Lie algebra.

Definition A subset H of G is discrete if for all h ∈ H, there exists a neighbor-
hood U of h in G such that U ∩H = {h}.

Definition A space X is said to be compact if every open cover of X contains a
finite subcover that also covers X.

Definition A topological space is simply connected if it is path connected
and has trivial fundamental group. That is, it is path connected and every loop
in the space can be continuously deformed into its base point while it is held fixed.

Definition A covering space Y of a topological space X is a topological space
such that there exists a covering map π : Y → X such that π is a continuous
surjection where for any open U ⊆ X, π−1(U) is a disjoint union of open sets of
Y , each of which are homeomorphically mapped onto U by π.

Prior Results

Many of our results extend results from the work done at the 2020 UCSB REU [1] on real
almost Abelian Lie groups. We generalize some arguments and show that they hold also
for complex almost Abelian Lie groups.

Our arguments depend on properties of almost Abelian Lie groups that were studied in
previously by Avetisyan and the UCSB 2019 and 2020 REU [4] [3] [2] [1]. We also make
use of the fact that every almost Abelian Lie group G can be represented as the quotient
between its universal covering group G̃ by a discrete normal subgroup Γ ⊆ G̃. That is,
G = G̃/Γ. The quotient map qΓ : G̃ → G̃/Γ is also the covering map.

Main Results

Throughout our arguments, we make heavy use of the following representation of elements
of an almost Abelian Lie algebra 0 0 0

v tJ(ℵ) 0
t 0 0


Similarly, we have a representation for the resulting complex simply connected Lie group
associated with the Lie algebra represented above.

Proposition 1 For a finitely supported multiplicity function ℵ, let

G :=


1 0 0

v etJ(ℵ) 0
t 0 1

 ∣∣∣∣∣∣ (v, t) ∈ Cd⊕C


Then G is a complex simply connected Lie group with Lie algebra isomorphic to aA(ℵ).

Our first result pertains to the compactness of almost Abelian Lie groups. In particular, we
show that an almost Abelian Lie group is never compact.

Proposition 2 Let G = G̃/Γ be a connected almost Abelian Lie group. Then G is never
compact.

We prove this by showing that G contains a closed subgroup that is not compact. Since the
intersection of a closed subset with a compact set must be itself compact, this implies that
G cannot be compact.

Proposition 3 Let G be a connected almost Abelian group, and H ⊆ G a connected Lie
subgroup. Let H̃ ⊆ G̃ be the connected Lie group such that H = H̃/Γ (where Γ is a
discrete normal subgroup), and let G̃ be the simply connected almost Abelian group such
that G = G̃/Γ. Then rank (Γ ∩ H̃) = dimR(H̃) = dimR(H) if and only if H is compact.

We relate the condition rank(Γ∩ H̃) = dimR(H̃) = dimR(H) to the isomorphism between H
and the Cartesian product of Cd with a torus. The equality condition occurs precisely when
d = 0, in which case H is isomorphic to a torus which is compact.

Proposition 4 Let G̃ = Cd⋊C be a simply connected almost Abelian group, and D ⊆ G̃ a
discrete subgroup. Then D is finitely generated if and only if P (D) ⊆ C is finitely generated.

We define the projection homomorphism P : G → C to map [v, t] 7→ t. This proposition
is particularly important for the proof of the next proposition.

Main Results Cont.

Proposition 5 Every discrete subgroup D ⊆ G̃ is finitely generated.

If P (D) is discrete, it is a discrete subgroup of C, which must be isomorphic
to the trivial group, Z, or Z2. Therefore, if P (D) is discrete, it is also finitely
generated. By Proposition 4, we must have that D is consequently finitely
generated. Thus, the difficult part of this proof is showing that D is finitely
generated even when P (D) is not discrete.

We define Γ to be the minimal connected complex Lie subgroup containing Γ.

Proposition 6 Let G = G̃/Γ be a connected almost Abelian Lie group. The
maximal compact K ⊆ G is given by K = Γ/Γ.

This proposition follows from Proposition 3. Since rank (Γ ∩ K̃) ≤ rank Γ and
Γ ∩ Γ = Γ, we show that K̃ = Γ is the only choice that allows us to reach the
upper bound of rank Γ.

Conclusion

Our work establishes some key topological properties of complex connected al-
most Abelian Lie groups. We show that no almost Abelian Lie group is compact,
and then give necessary and sufficient conditions for the compactness of sub-
groups of those Lie groups. We determine that every discrete subgroup of com-
plex simply connected almost Abelian Lie groups is finitely generated. We also
obtain an explicit construction for the maximal compact subgroup of a connected
almost Abelian Lie group.
It is a well-known result that the homotopy type of a Lie group is equivalent
to that of its maximal compact subgroup. We have provided a construction for
this subgroup, and we hope that future work will find the homotopy type of this
subgroup easier to compute than that of the whole Lie group.
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