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Abstract

Howdowe knowwherewe are in space? How canwe remember the path from place

to place? Neuroscientists have experimentally found specific type of neurons (place

cells) and their interactions corresponding to places (place fields) in our brain to help

us detect space. Our research focuses on the arrangements of the place fields. In

future work, we hope to develop an algorithm to draw these overlapping place fields.

The study of geometric patterns created when multiple place fields overlap can help

us determine the limitations of what spatial information can be stored in the brain.

Background
1.Neural Codes:

Place Cell: A neuron that fires when an animal is in a distinct region in space.

Place Field: A region in space where the corresponding neuron is firing.

Neural Code: A set of codewords c on n neurons such that c ⊂ {0, 1}n.

Example:

Figure 1. Realization for the C = {∅, 1, 2, 4, 12, 13, 24, 123, 245} or

{00000, 10000, 01000, 00010, 11000, 10100, 01010, 11100, 01011}.

2.The Neural Ideal:

For a code on n neurons, each codeword c ∈ C has an associated pseudo-monomial

defined as follows:

ρc ≡
n∏

i=1
(1 − ci − xi) =

∏
i|ci=0

(1 − xi)
∏

j|cj=1
xj.

So, for example, the codeword 001 over n = 3 neurons would be (1 − x1)(1 − x2)x3.
Note that each polynomial has the property that for a given binary string v:

ρc(v) =

{
0 v 6= c

1 v = c

The neural ideal JC is defined as the following set of pseudo-monomials:

JC = 〈ρv|v /∈ C〉.
In otherwords, the neural ideal is the set of all pseudo-monomials for each codeword

that is not in C . Often, when considering the neural ideal, we only consider the set

of minimal pseudo-monomials, which we call the canonical form of the neural ideal,

CF (JC). We say that a pseudo-monomial is minimal if it is not a nontrivial multiple

of another pseudo-monomial in JC.

Example:

According to Figure 1, we can have

Jc = {x1x2x3x4x5, x1x2x3x4, x1x2x3, x1x2...}
. Finally, finding the minimal polynomials in this list,

CF (Jc) = {x1x4, x1x5, x3x4, x3x5, x3(1 − x1), x5(1 − x2), x5(1 − x4)}.

K-Piercing and GRC graph

* k-Piercing:

A k-piercing can be thought of as a curve that pierces k other curves and splits 2k

zones. In the abstract description, we find that if λk+1 ∈ L is a k-piercing of Λ in D,

then there exist exactly 2k elements of Z that contain λk+1, so |Xλk+1| = 2k.

* k-Inductive Piercing: We define k-inductively piercing as all its previous piercing is

a (k − m)-inductively piercing, for all m < k.

*TheGeneral Relationship Containment (GRC) Graph: A directed graphwhich reflect

the realization of the place fields by bidirectional edges.

Example:

Figure 2. The GRC graph for the neural code

{00000, 10000, 01000, 00010, 11000, 10100, 01010, 11100, 01011} or {∅, 1, 2, 4, 12, 13, 24, 123, 245}.

Geometric Results about Codes and k-Piercings in R2

A 0-, 1-, or 2-piercing can be realized with circles, ellipses, rectangles, or squares.

A 3-piercing cannot be realized in R2 with circles, but it can be realized with

rectangles or ellipses. In fact, a 3-inductively pierced can be realized.

4-piercings are possible with rectangles and ellipses in R2.

Rectangles and ellipses cannot realize k-piercings for k ≥ 5 in R2.

Figure 3. 0-, 1-, or 2-piercing realized with circles, ellipses and rectangles

Figure 4. 3 and 4-piercing realized with ellipses

Results about k-Inductively Pierced Codes and GRC Graph

A code is k-inductively pierced if and only if CF(Jc) consists only of degree two
pseudo-monomials meeting the following conditions:
1. For each pair {i, j}, at most one of xixj, xi(1 − xj), xj(1 − xi) appears in CF(Jc).
2. G(c) is a chordal graph with no k + 2-cliques.
If any of the following are true for a given neural code c, then c is not
k-inductively pierced.
1. G(c) is not chordal
2. Ĝ(c) contains any of the configurations on three vertices shown in Figure 5

3. Ĝ(c) contains a directed cycle of arbitrary length

4. CF(Jc) consists only of degree two pseudo-monomials s.t. for each pair {i, j}, at most one of

xixj, xi(1 − xj), xj(1 − xi) appears in CF(Jc),

Figure 5. Forbidden Shapes of GRC Graph

Future Explorations

What makes circles different from ellipses?

How to develop an algorithm so that computer can help us realize the codes?

What will happen if we move to higher dimensions?
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