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Abstract

The no-three-in-a-line problem asks for the maximum number of points that can be
placed on an n × n grid such that no three of them lie in a line. It has remained
unsolved for over 100 years, even though it has an easily proven upper bound of 2n.
Inspired by this problem, we propose an extension similar to the one studied by Gossell
and Johnson: How many points can be chosen on an n×n grid such that no three of
them form an angle of θ? We classify the angles that yield interesting problems and
focus on angles that appear in surprising configurations on the grid. We prove upper
and lower bounds for specific angles and discuss the geometric properties of the grid.

The No-Three-in-a-Line-Problem (Henry Dudeney, 1917)

How many points can be chosen on an n× n grid such that no three of them lie in a
line?

•Using the Pigeonhole Property, we get the upper bound of 2n.
•However, the lower bound remains unsolved.

No-Three-in-a-Bent-Line

Given an angle θ, how many points can be placed on an n× n grid such that no 3 of
them form an angle of θ?

•The no-three-in-a-line problem is the case θ = 180°.
•The θ = 90° case is solved with the following maximal configuration of 2n− 2
points [2]:

An angle θ is interesting if there exists an n× n grid so that 3 points can be chosen
in an angle of θ.
•We proved that θ is interesting if and only if tan(θ) is rational.
• If θ = 60°, then tan(θ) =

√
3, so 60° is not interesting.

•We focus on 135°, which is interesting since tan(135°) = −1

135° Angle: Lower Bound

We can find 2n points on any n× n grid by choosing all points on opposite edges.
Additional configurations on 2n vertices can be found for most values of n.

135° Angle: Conjectures

•Conjecture 1: All 135° free configurations of 2n points on any n× n grid include
NO interior points.
• Conjecture 1*: If there exists a 135° free configuration of 2n (or more) points on an n× n grid
that includes an interior point, it must include at least four interior points.
•We have proved that Conjecture 1 implies all the following conjectures:
•Conjecture 2: Any 135° free configuration with 2n points on an n× n grid
includes all four corners.
•Conjecture 3: At most 2n points can be placed on an n× n grid with no 135°
angles.
•Conjecture 4: There are at most 2n−2 135° free configurations of 2n points on an
n× n grid.

Buckets

A bucket is the set of all points that lie along a line of the
slope that creates angles of θ° when it intersects a horizontal
or vertical line.
For 135° angles, that slope is −1 (or 1), as these are the
slopes that generate grid fitted 135° angles.

Rules

Rule 1: A middle point with respect to its row or column must be the only chosen
point in its bucket.

Rule 2: A middle point with respect to its bucket must be the only chosen point in
its row and column.

Rule 3: If the chosen points of two buckets overlap in a row or column, any additional
chosen points in the buckets must be on opposite sides of the overlap.

135° Angle: Upper Bound

Proof Strategy:
• Start by placing 2n points on the grid.
• For every additional point placed, there is some point which is a middle point in
its column.
• Since a middle point in its column must be the only point in its bucket, we can
place at most 2n− 1− k additional points where k is the number of buckets that
are used to place the first 2n points.
•Thus, we can place at most 2n + 2n− 1− k points on the grid.
Using our rules and definitions we determined that it takes at least n + 1 buckets to
place the first 2n points. Therefore k ≥ n+ 1 and we can place at most 3n− 2 points
on the grid.

Main Results

At least 2n points and at most 3n − 2 points can be placed on an n × n grid such
that no three of them form a 135° angle.

Future Directions

• Improve the upper bound of 3n− 2.
•Work on other angles, like 45°.
•We believe we can put an upper bound on the number of points that can be
placed on a grid without forming an angle of arctan(pq) of approximately
2n + f (p, q) where f (p, q) is the number of pq slope buckets on the grid.
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