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ROOT-FINDING WITH OPS
The three-term recursion relationship of orthog-
onal polynomials can be expressed as a matrix
equation

J~p = x~p

where J is a size n + 1 × n + 1 matrix called the
Jacobi matrix.

Theorem. Let p0(x), p1(x), p2(x)... be a sequence
of orthogonal polynomials. The eigenvalues of
the Companion matrix

C(β0, β1, ..., βn) = Jn−1 +


0 0 . . . 0
0 0 . . . 0
...

...
. . .

...
d1 d2 . . . dn−1


where dk = −anβk/βn, are precisely the roots of
f(x) = β0p0(x) + β1p1(x) + . . .+ βnpn(x).

ABSTRACT
When faced with a function for which there is
no known root-finding technique, we can use
numerical methods to find approximate solu-
tions. One common approach to approximation
is through the use of orthogonal polynomials.
The roots of an orthogonal polynomial expansion
of a function are the eigenvalues of the associated
companion matrix. This turns a root-finding
problem into an eigenvalue problem which is
easier to solve.

Our method explores the application of matrix-
valued orthogonal polynomials to nonlinear
eigenvalue problems. By leveraging the theory of
matrix-valued orthogonal polynomials, we show
that a matrix-valued version of the above tech-
nique can effectively approximate singular values
of matrix-valued functions.

RESULTS

Figure 1: Ruhe’s Example

Our method can be used to solve to non-linear
eigenvalue problems, questions where we want
to find the zeros of the determinant of a matrix-
valued function. This example comes from the pa-
per by Boyd:

F (λ) = (eλ − 1)B1 + λ2B2 −B0

where B0 is the identity matrix multiplied by 100
and

(B1)ij = (9−max(i, j))ij

(B2)ij = 8δij + 1/(i+ j)

We also attempt another example of Boyd’s, a
psuedospectral decomposition problem, which is
motivated from differential equations in meteorol-
ogy and oceanography

F (λ)ij =
[
−(j − 1)2 − λ

]
cos

(
π(i− 1)(j − 1)

M − 1

)
,

for 1 ≤ i, j ≤ M where λ is an eigenvalue and
M = 40. This approximates a solution of the Neu-
mann boundary value problem y′′ = λy on [0, π],
so we expect roots at λ = −n2 for n an integer. Figure 2: Psuedospectral Decomposition Example
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CONCLUSIONS AND FUTURE WORK

Conclusions.

1. Matrix-valued orthogonal polynomials
share many good properties w/ classical

2. They may be used effectively to solve non-
linear eigenvalue problems.

3. We successfully implemented a matrix-
valued version of Boyd’s algorithm via a
family of matrix-valued Chebyshev polys

Future Goals.

1. Investigate the accuracy and computational
efficiency of our method, relative to stan-
dard algorithms.

2. Implement our root-finding technique for a
wide range of matrix-valued polynomials of
Chebyshev type described in [4].

BACKGROUND
Definition. A positive, integrable function r(x)
defines an inner product

〈f(x), g(x)〉r =
∫ b

a

f(x)g(x)r(x)dx

on the set of continuous functions on [a, b]. A
pairwise orthogonal sequence of polynomials
p0(x), p1(x), . . . with deg pn(x) = n for all n is
called a sequence of orthogonal polynomials for
r(x). Orthogonal polynomials are capable of
approximating functions over an interval, specif-
ically by taking the integral over that interval.

Theorem. A sequence of orthogonal polynomials
for a weight function r(x) satisfies a three-term
recursion relation
xpn = anpn+1 + bnpn(x) + cnpn−1(x), n > 0

MATRIX-VALUED FUNCTIONS
Matrix-valued functions are matrices with func-
tions as entries.

Definition. A sequence of matrix-valued orthog-
onal polynomials P0(x), P1(x), . . . for a weight
matrix W (x) is the unique sequence of matrices
with polynomial entries satisfying (1) Pn(x) is
monic of degree n and (2) 〈Pm(x), Pn(x)〉W = 0
for all m,n ≥ 0 where〈

P (x), Q(x)
〉
W

=

∫ b

a

P (x)W (x)Q(x)∗dx

Theorem. The roots of a sequence of matrix val-
ued orthogonal polynomials are given by a com-
panion matrix similar to the scalar function case
except where each d is given by

di = −AnD−1n Di

.


