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Introduction

Zika virus disease is a human disease that may lead to neurological disorders.
Vector transmission is considered as the primary transmission route while the
sexual transmission is the secondary route. A recent study provides evidences
of long term circulation of ZIKV for at-least 16 years and its threat to the public
health in Thailand due to the low but sustained level of ZIKV transmission. The
understanding of the future incidence of the disease is limited due to the lack of
detection and reporting of ZIKV transmissions (due to low transmission). Hence
establishments of intervention strategies for ZIKV is challenging.

Objective: To model and analyse the low persistent and re-emerging ZIKV with
short epidemic duration and long lead time to come up with sustainable prevention
strategies.

Model Formulation

We consider human to human ZIKA transmission and vector to human transmis-
sion. Since the disease induced deaths are rare, we do not consider the disease
related deaths in our model. Here, Sh: Susceptible Human, Ih: Infected Human,
Rh: Recovered Human, Sv:Susceptible Vectors, Iv: Infected Vectors

dSh
dt = H − βhvShIv − β(Ih)IhSh − µhSh,
dIh
dt = βhvShIv + β(Ih)IhSh − µhIh − γhIh,
dRh
dt = γhIh − µhRh,
dSv
dt = V − βvhIhSv − µvSv,
dIv
dt = βvhIhSv − µvIv,

(1)

Formulation of sexual transmission route β(Ih):

• We model the infected human’s searching distance as a Poisson point pro-
cess, by considering the mating encounter/probability as a pure birth pro-
cess.

• Define the transmission rate β = β̂hCE where β̂h: the maximum sexual
transmission rate, CE: mating encounter between infected and susceptible
humans.

• Take a: searching distance of a infected human and X(a): the total number
of successful transmission encounters per infected individual (“events”).

• The instantaneous transition rate for a new mating encounter (per unit dis-
tance): h(Ih) = b

Ih
Ih+K where b > 0: the searching probability of an individual

person per unit of distance and K: the infected human population density at
the disease half-saturating level.

• {X(a)}a≥0 is a simple birth-death process. Then, p0(a) = P{X(a) = 0} =

P{X(a) = 0|X(0) = 0} = e−ah(Ih).

• The probability of having either no encounter between the infected and sus-
ceptible hosts or at least one encounter are given, respectively, by P{X(a) =

0} = p0(a) = e−ah(Ih), P{X(a) ≥ 1} = 1− p0(a) = 1− e−ah(Ih).

• Then CE = E [1− p0(a)] = 1 − E [p0(a)] =
h(Ih)

α1+h(Ih)
= 1

1+α1

Ih
Ih+K . where

K = α1Ki
1+α1

and E : the expectation in term of a.

• The sexual transmission rate β is a function of infected human hosts Ih, such
that β(Ih) = βh

Ih
Ih+K , where βh = β̂h

1
1+α1

.

Basic Properties of the solution

• For the suggested differential equations system, the total population of humans and
vectors remains a constant and Γ is an invariant region where
Γ =

{
(Sh, Ih, Rh, Sv, Rv) ∈ R5

+|0 ≤ Sh + Ih + Rh ≤ H
µh
, 0 ≤ Sv + Iv ≤ V

µv

}
• Disease free equilibrium, E0 = (Hµh

, 0, 0, Vµv , 0) for the system which always exists.

• The basic reproduction number R0 =

√
βhvβvhHV

µhµv
2(µh+γh)

. The threshold value R0(βhv) = 1

is equivalent to βhv =
µhµv

2(µh+γh)
βvhHV

, β̂hv.

• If R0 < 1, then E0 is locally asymptotically stable in Γ. If R0 > 1, then E0 becomes a
saddle and is unstable.

• For the system (1), there exists at least one endemic equilibrium and at most three
endemic equilibria when R0 > 1. At most, two endemic equilibria exist if R0 < 1.

Bifurcation Analysis

The ZIKV model admits a forward (backward) bifurcation if
βh < (>)β̂h =

µh K(γh+µh)(Hβvh+(γh+µh)µv )
µv H2 . For the parameter values given in the Table 1,

the threshold β̂h = 0.9326.

Figure 1: Backward bifurcation when βh = 3 > β̂h and forward bifurcation for βh = 0.2 < β̂h
of the system (1).

Parm. Definition Value .
H Recruitment rate of human individuals (humans day−1) 0.00003653
V Recruitment rate of vectors (mosquito day−1) 0.02
µh Natural death rate of human individuals (day−1) 0.00003653
µv Natural death rate of vectors (day−1) 0.02
βhv Transmission rate between Iv and Sh (mosquito −1 day−1) 0.7
βvh Transmission rate between Sv and Ih (human −1 day−1) 0.7
βh Maximum transmission rate between Sh and Ih (human −1 day−1) 2
γh Recovery rate of human infective (day−1) 0.01
K Infected individuals at disease half-saturated level 0.3

Table 1: Descriptions and values of all parameters used in the ZIKV transmission model 1

Global stability analysis of E0

• When the sexual transmission route is absent (i.e. βh = 0), we considered the Lya-

punov function Q=
Ih

µh+γh

√
(µh+γh)µhβvhV

βhvHµ
2
v

+ Iv
µv

and dQ
dt ≤ 0 if R0 < 1. By LaSalle’s

invariance principle, E0 is globally asymptotically stable if R0 < 1 for βh = 0.

• Due to backward bifurcation, the condition R0 < 1 is no longer sufficient for complete
disease elimination. Application of fluctuation lemma shows that infection-free equilib-

rium E0 is globally asymptotically stable if R0 <
√
R1 < 1 where R1 = R2

0 +
βhH

2

µ2
hK(γh+µh)

.

Seasonal and Stochastic influence on vector
to human transmission pathway
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Figure 3: (a) Varying amplitudes and outbreak periods influenced by seasonality in βhv(t) (b) seasonal
transmission of βhv(t) with time. Here βhv(t) = 3.9× 10−3 (1 + sin(2πt)/365)
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Figure 4:(a) One sample path of stochastic influence on βhv(t) (b) stochastic transmission of βhv(t) with time when
r = 0.08 σ = 1 and βhv0 = 0.003 with the other parameter values in the Table for the case 2r > σ2. Here

dβhv(t) = r(βhv0 − βhv(t))dt + σβhv(t)dW (t)

Conclusions

1. A novel human-human encounter rate is introduced by considering the in-
fected human’s searching distance as a Poisson point process and consider
the encounter probability as a pure birth process.

2. The disease free equilibrium exists. Moreover, For the system (1), there
exists at least one endemic equilibrium and at most three endemic equilibria
when R0 > 1. At most, two endemic equilibria exist if R0 < 1.

3. If R0 < 1, then E0 is locally asymptotically stable in Γ. If R0 > 1, then E0
becomes a saddle and is unstable.

4. When only the vector transmission happens (when βh = 0), E0 is globally
asymptotically stable if R0 < 1 and otherwise, the system with βh = 0 is
uniformly persistent.

5. The model exhibits backward bifurcation if βh >
µh K(γh+µh)(Hβvh+(γh+µh)µv )

µv H2 .

6. The disease free equilibrium is globally asymptotically stable at the pres-
ence of sexual transmission route when R0 < R1 < 1 where R1 =

R2
0 +

βhH
2

µ2
hK(γh+µh)

.

7. Transcritical, saddle-node, Hopf and Bogdanev-Takens bifurcations are ob-
srved for the ZIKV model.

8. As shown in the insets in Figure 1, oscillatory univariant muti-annual disease
outbreaks with long periods occur and are sourced by Hopf bifurcation.

9. Figures 3 and 4 show varying amplitudes and outbreak periods result from
seasonal influence and stochastic influence on vector human transmission
pathways.
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