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Introduction

You are handed a graph with vertices in a neutral
color and asked to color a subset of vertices with
expensive paints in d colors in such a way that
only the trivial symmetry preserves the color classes.
Your goal is to minimize the number of vertices
needing this expensive paint [1]. I investigate this
problem in Kneser Graphs, specifically Kn:2.

Definitions

• Let Kn:k denote a Kneser Graph. V (Kn:k)

consists of all the

n

k

 k-element subsets of

{1, 2, . . . n} with edges between pairs of
vertices whose associated subsets are disjoint.

• A labeling f : V (G) → {1, . . . , d} is
d-distinguishing if φ ∈ Aut(G) and
f (φ(x)) = f (x) for all x ∈ V (G) implies that
φ = id.

• A subset S ⊆ V (G) is a determining set if
whenever g, h ∈ Aut(G) and g(x) = h(x) for
all x ∈ S, then g = h. The determining
number of G, denoted by Det(G), is the
minimum r such that G has a determining set
of cardinality r.

• Let G be a d-distinguishable graph. The paint
cost of d-distinguishing G, denoted ρd(G), is
the minimum size of the complement of a color
class over all d-distinguishing colorings for G.

• The frugal distinguishing number of a graph
G, denoted FDist (G), is the smallest d such
that ρd(G) = Det(G).

• Det(G) = 4
• FDist(G) = 4
• ρ4(G) = 4

Figure 1: A 4-distinguishing labelling with determining set
highlighted.

Determining Sets of Kn:2

Boutin and Albertson showed in [2] that a subset
S = {V1, . . . , Vr} ⊆ V (Kn:k) can be represented in
a characteristic matrix AS where the ith row is the
binary n-tuple with ones in the coordinate positions
corresponding to the elements in Vi and zeroes in
coordinate positions corresponding to elements not
in Vi. S is a determining set if no two columns of
AS are equal.

{1, 3}

{3, 4}

{1, 2}

AS =



1 0 1 0 0
0 0 1 1 0
1 1 0 0 0



Figure 2: A determining set of K5:2.

We identify Det(Kn:2). Let n = 3k + ℓ where
ℓ = {0, 1, 2}. Through three base cases, we proceed
via induction on k to give a lower bound on
Det(Kn:2) using lemmas about the structure of a
minimum-sized determining set. We then provide a
determining set with size equivalent to that lower
bound, which proves the following result [G-Loeb]:

Theorem 1

Det(Kn:2) =



2k n = 3k

2k n = 3k + 1
2k + 1 n = 3k + 2

By d-distinguishing a minimum size determining
set, one minimizes the size of the complement of a
color class over d-distinguishing labelings, thereby
finding ρd(Kn:2). We produced results concerning
ρ2(Kn:2) and ρ3(Kn:2), and generalized the notion
of paint cost of d-distinguishing to identify
FDist(Kn:2).

Paint Cost of 2-Distinguishing Kn:2

Observe that Kn:2
∼= (L(Kn))c , where L(Kn) is

the line graph of the complete graph on n vertices.
To distinguish the vertices of Kn:2, it is sufficient
to distinguish the edges of Kn, i.e., produce an
edge-coloring of Kn with d colors that is preserved
only by the identity automorphism. In particular,
to minimize the number of edges necessary for
a 2-edge-distinguishing labelling, we distinguish
the edges between n − 1 vertices of Kn since a
single isolated vertex can be preserved only by
the identity automorphism. We color the edges
of disjoint asymmetric trees of unique size red
and all other edges blue. Because such colorings
depend on n, we produce the following two results
about the bounds on ρ2(Kn:2) [G-Loeb]:

Lemma 1

6
7
(n − 1) ≤ ρ2(Kn:2) ≤ n − 1 for n ≥ 6.

Theorem 2

For any ε > 0, there is an n0 such that for n ≥
n0:

(1 − ε)n ≤ ρ2(Kn:2) ≤ n − 1

Infinite Paint Cost

Let ρ∞(G) denote the paint cost over all
d-distinguishing labelings as d → ∞. Note that
ρ∞(G) will not use the minimum number of colors
needed to ensure that ρ∞(G) = Det(G), but this
equality will hold, for we can label each vertex in a
determining set its own color. One can distinguish
Kn:2 by edge-distinguishing disjoint subgraphs of Kn

that are paths of length 3 where each edge is colored
uniquely.

Figure 3: An edge-distinguishing labelling of K6.

Frugal Distinguishing Number

FDist(Kn:2) is the smallest d such that ρd(Kn:2) =
Det(Kn:2). If, as in the construction above, there
are k paths of length 3 and ℓ colors, then the frugal
distinguishing number is the smallest ℓ such that
ℓ

2

 ≥ k. Equivalently, the following theorem holds

[G-Loeb]:

Theorem 3

FDist(Kn:2) = ℓ =


1 +
√√√√√√1 + 8

3n

2



Future Directions

Given the success with Kn:2 , future directions
include using ρ∞(Kn:2) to find Det Kn:k.
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