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Introduction

A polyomino is a collection of k unit squares (or cells)
connected by their edges. Since their popularization
in the mid-20th century, significant attention has been
directed to the counting of polyominoes on an infinite
plane. To answer this question, two equivalence classes
of polyominoes are typically researched: fixed polyomi-
noes (which are equivalent under translation only) and
the free polyominoes (which are equivalent under trans-
lation, reflection, or rotation). Despite no general formula
being discovered, much progress has been made on the
problem, including:
• 1962: Read developed a counting method using tran-
sition matrices [1]

• 1979: Redelmeier used a recursive algorithm to count
up to size 24 [2]

• 2003: Jensen counted fixed polyominoes up to size 56
using transfer matrices [3]

In our research, we pursued the previously unexamined
problem of counting polyominoes on finite surfaces, such
as the torus and Möbius strip.

Polyominoes of Size 4

Polyominoes on Finite Surfaces
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Each of the surfaces can be “dissected” into a finite grid
by performing one or two cuts. This allows the idea of
a unit cell on the plane to generalize to other surfaces
(noting that connections can wrap over the edges as indi-
cated by the arrows). An example of this is shown below:
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(a) 2D Representation (b) 3D Representation

Hand-Enumeration

To gain a basic understanding of the problem, we began with hand-
enumeration. Utilizing dissections such as those in the table, we listed
all the polyominoes on 2 ˆ 2 and 3 ˆ 3 grids, and then examined which
were translationally equivalent. This also yielded the number of polyomi-
noes where translations are not considered equivalent (which we called
“placed” polyominoes).

For non-orientable surfaces, this task was particularly difficult, since
some translations broke connections in the polyomino. Viewing the poly-
ominoes in 3D helped to clarify several cases of this. An example of this on the Möbius Strip is shown. Note that although
the cells appear to be moving in opposite directions in the 2D diagram, the translation is in fact valid when viewed in 3D.
Furthermore, we see that the polyomino on the right has different connections than the other two, and thus is not the
same.

Adaptation of Redelmeier’s Algorithm

Redelmeier’s Algorithm recursively grows polyominoes from a single cell with two
basic rules:

1. No cells can be added above or directly left of the “root” cell (placed at the origin)

2. Once a cell is added, it cannot be added to younger siblings or their descendants

The first condition enforces a standard form (i.e., every polyomino is translated to so that the leftmost upper cell is at
the origin). Note that this standard form does not work on surfaces which wrap, since there is not a notion of “leftmost”
or “upper”. Instead, we define new standard forms and rules to ensure that only polyominoes in this form are counted.
Through this, we count polyominoes of all sizes on the 2 ˆ 2 through 5 ˆ 5 grids.

Transition Matrices

This alternative method of enumeration requires that you start with an initial grid column of a given number of cells which
contains at least one filled cell. The polyomino will grow from this initial column by appending other columns (that also
contain at least one filled cell) to the right of it. Our initial matrix will consist of binary entries (1 or 0) in reference to
whether a certain column configuration may be placed after a previous column configuration.

1. Form Possible Columns 2. Determine Which Columns Connect 3. Form Transition Matrix
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The entries of this matrix describe the total number of polyominoes when starting with one of the top configurations and
ending with one of the left-side configurations for a 2 ˆ 2 grid. Raising this particular matrix to the pq ´ 1q power will allow
us to count the total number of possible configurations for a 2 ˆ q grid.

Polyominoes with Spanning Paths

We studied serpent polyominoes, which are polyomi-
noes that contain a spanning path. An example below
on a 3 ˆ 3 torus: notice how the subpaths connect to
each other by wrapping around the “edges” of the torus
grid.

We then defined a class of polyomino
consisting of a “backbone” (made up by a
polyomino in the shape of a path graph)
with a single cell adjoined to one of the
backbone’s edges. For this particular
class of polyomino, we found that the number of ser-
pents is given by a polynomial in k, where k is the num-
ber of cells comprising the polyomino; similarly, the num-
ber of non-serpents is also given by a polynomial in k,
which has degree one higher than the polyominal giv-
ing the number of serpents. Below are examples of the
backbone subpolyomino (on left); and of a non-serpent
constructed from that backbone, with the appended cell
in red (on right).

Future Work

There are several directions for further investigation in
our research. Further modifications to Redelmeier’s al-
gorithm could be made to allow for non-orientable sur-
faces, such as the Möbius Strip and Klein Bottle. Alge-
braic methods could also be used to account for rota-
tions and reflections (thereby allowing the free polyomi-
noes to be counted). Additionally, the transition matrix
method for counting polyominoes could be implemented
for toroidal surfaces. Finally, algorithms to enumerate
special cases of polyominoes (such as serpents) could
be developed.
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