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Introduction

An important question in quantum information theory [4] is whether two or more systems
are causally linked; that is, does system A influence the evolution of system B, or do they
evolve independently?
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Causal linkage between systems is called one-way information (OWI). In 2020, Davide
Girolami developed a method to measure OWI. Using his method, we develop a quantum
resource theory for OWI.

Background Material

The introduction referred to ”systems A and B”. These systems denoted with capital
letters are representations of physical objects (or a collection of physical objects) which
behave according to quantum mechanics. Systems store information in quantum bits, or
‘qubits’. The more qubits a system has, the more information can be stored.

We use circuit diagrams such as the one in the introduction to model the evolution of quan-
tum systems [5]. In these diagrams, each line represents one qubit. Using Dirac notation,
these qubits have states |x〉. We say that the qubit is in state x. The brackets signify that
x is a unit vector in Cn. Systems perform operations which change their states. These
represented by boxes containing letters and occur in sequence from left to right.

|x〉 F G |y〉

This diagram depicts a quantum system with only one qubit that starts in state x (the
input), performs operation F , then G, and ends in state y (the output). Per the postulates
of quantum mechanics, these operations are represented by unitary matrices.

The previous circuit diagrams only depict one qubit. To depict two or more qubits, we
introduce more lines. New notation also arises from adding more qubits: First, if a box
overlaps multiple lines (i.e. multiple qubits), then all those qubits come together and per-
form an operation that changes all of them in some way. Second, if an operation on one
or more qubits is connected to another system by a vertical line, then whether or not the
operation happens is determined by the state of the qubit connecting to the line. For ex-
ample, if the first system is in state |x〉, then F would be performed. If the first system is
in any other state, nothing would happen.
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Measuring One-Way Information

Consider an operation X which takes an input |0〉 to an output |1〉. Now consider two cir-
cuits: the first checks if the first system is in state |1〉 before performing X, but the second
performs X regardless of the state of the first system.

first circuit second circuit
|1〉 • |1〉

|0〉 X |1〉
|1〉 |1〉
|0〉 X |1〉

Even though each circuit has the same input and output states, two different operations
were performed. There is a causal link in the first circuit, but there is not one in the second.
Here the difference is obvious since only one interaction between the systems occurs in
each circuit, but what about more complex interactions? How can we measure this? Da-
vide Girolami [1] proposed the following algorithm to measure one-way information:
1. Define a group of qubits which you believe are influencing another group of qubits. Call

the first group A and the second B.
2. Add backup systems A′ and B′ to A and B respectively. A′ and B′ store the initial states

of all the systems that you are interested in.
3. Allow the primary systems to perform their operations.
4. Using the information stored in the backup systems, perform a new series of operations

(the details are beyond what I can cover in this poster) to get new output states.
5. Perform a specific measurement on these output states.
This measurement outputs a positive number if there is a causal link between the systems
such that larger numbers mean more linkage. An output of 0 means that there is no link-
age at all.

If you have n systems, the measure R : H → R outputs a value between 0 and 2 log2 d
where d is the dimension of the Hilbert space H in which system with the most qubits
resides. The measure is given by the equation:
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where ρA

′ABB′ is the density operator output of the algorithm and ρB, ρA
′AB′, etc. are re-

duced density operators given by the partial trace. I (:) is mutual information defined using
von Neumann entropy S(ρ) = −tr (ρ log ρ) [2].

Quantum Resource Theories

In pure mathematics, we are only constrained by the rules of what we are studying; how-
ever, in reality, we are further constrained by practicality. With this in mind, mathematicians
have devised theories which allow for the examination of mathematical ideas with consid-
eration for such constraints. One example is a quantum resource theory (QRT). A QRT
divides the states and operations of quantum systems into four categories:
• Free operations can be performed easily.
•Restricted operations either cannot be performed or are limited in some way, and are

more generally defined as any operation which is not free.
• Free states can be made using only free operations and so are easy to make.
•Resources are difficult to make and are more generally defined as any state that is not

free.
These categories are useful because they introduce a sense of difficulty (free vs. re-
stricted). Also, QRTs have been well studied such that there are ways to easily test if your
QRT possesses certain properties [3].

Results and Conjectures

Taking Girolami’s algorithm and measure to be our QRT’s resource measure R : H → R
where H is a Hilbert space, our QRT has the following properties:
• The free operations contain any unitary operator UAB = UA ⊗ UB since we define the

free operations to satisfy the monotonicity of R.
•R is not monotonic under the restricted operations. For example,

R = 2 R = 0

•

X

• •

X X

•R is maximized by controlled operations with respect to the reference basis and pure
states.

•R is additive; that is,
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• The additivity of R guarantees that R(φ) = 0 for any free state φ.

•We conjecture that R is an asymptotically continuous measure which would guarantee
the Uniqueness Inequality[3] for R(ψ) of any state ψ:

RD(ψ) ≤ R(ψ) ≤ RC(ψ)

where RD and RC are the distillation cost and resource cost, respectively.

Discussion

Developing a QRT around Girolami’s measure has motivated some thoughts on the effi-
cacy of his method:

•Due to the use of ancillary systems which contain an equivalent number of qubits to
their primary system, applying the algorithm requires an additional n qubits, greatly
increasing the number of computational resources required.

•Due to the use of controlled operations, applying the algorithm requires multiple re-
stricted operations as well as destroying the initial state in the process of measuring its
OWI. The need for restricted operations and the destruction of initial states is suboptimal
for an effective resource measure.

• Since R measures states already processed by the algorithm, it is difficult to establish
with what exactly the states in this QRT are physically associated. This uncertainty ex-
tends to imposing a meaningful partial order on them (a common procedure in QRTs).
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