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Abstract

In this project we explore a variation of the cops and rob-
bers game, first introduced independently by Quilliot[2], and
Nowakowski and Winkler[3]. In the original game, a cop and
a robber alternate turns moving from vertex to adjacent vertex
on a connected graph with the cop trying to catch the robber and
the robber trying to evade the cop. In our variant we assume that
the cop and robber are tipsy, meaning that a proportion of both
their moves are random, and rather than forcing the players to
alternate moves, we use a spinner wheel to determine whether
the next move will be a sober cop move, a sober robber move,
or a tipsy move by either player. We model this scenario on
vertex-transitive and non-vertex transitive graphs using the the-
ory of Markov chains. Given a specified set of initial conditions
on the players’ distance and tipsiness, we consider the following
questions: What is the probability that the game lasts at least
M rounds if the players start distance d away? What is the
expected number of rounds the game should last if the players
start distance d away?
One inspiration for this game is to model the biological scenario
illustrated in a YouTube video[4], where a neutrophil chases a
bacteria cell moving in random directions. While the bacteria’s
movement seems mostly random, the neutrophil appears slightly
more purposeful.

Our Model
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• r is the probability of a sober robber move (in red)
• c is the probability of a sober cop (in blue)
• t is the probability of a tipsy move by either player (in

orange for vertex transitive graphs)
• tc and tr are the probabilities of a tipsy cop and a tipsy

robber moves in green and yellow respectively (for
non-vertex transitive graphs)

General Matrix Method for Analyzing
Markov Processes

To calculate critical data points of the game, such as the proba-
bility the game lasts at least M rounds, and the expected game
time for finite Markov chains we use its probability matrix P ,
where Pi,j is the probability of transitioning from state i to state
j in one round of the Markov process. We restrict attention
to the matrix T , modeling only the non-absorbing states of the
Markov chain; T is obtained from P by removing the columns
and rows associated with any absorbing states in P .

General Formulae

The probability of the game lasting at least M rounds if the players start at distance d from each other is then given by the following
product of matrices

GM(d) = ed · TM · 1 (1)
where ed denotes a standard basis row vector with 1 in column d and zero elsewhere, and 1 is the column vector with 1 in each
entry. If we sum all the GM(d) probabilities for all M we can find the expected number of rounds the game should last. That is,

E(d) = ed ·
[
(I + T + T 2 + T 3 + · · · + TM + · · · )

]
· 1 (2)

= ed ·
1

1− T
· 1 (3)

= ed · (I − T )−1 · 1 (4)
where I is the identity matrix.

Example on a Cycle Graph

For a cycle graph with 6 nodes there are four possible states,
distance 3, 2, or 1 apart, and game over.

With this knowledge we build a Markov chain to represent the
game on this graph.
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Given that c = 0.3, r = 0.1, t = 1 − c − r = 0.6 we use the
Markov chain to populate the entries of the probability matrix.

P =


1 0 0 0

0.6 0 0.4 0
0 0.6 0 0.4
0 0 0.9 0.1


We then delete the rows and columns associated with all absorb-
ing states, in this case just the first row and column, to obtain
the transition matrix.

T =

 0 0.4 0
0.6 0 0.4
0 0.9 0.1


Finally, using our equations presented above we can calculate the
expected duration of the game and the probability the game will
last at least 6 rounds given the players start distance d away.

d 1 2 3
G6(d) 0.16 0.28 0.41
E(d) 3.3 5.7 6.8

Other graphs

We have explored and created models to calculated the prob-
ability GM(d) that the game will last at least M rounds and
the expected number of rounds the game should last E(d) for
Petersen graph, Friendship Graphs, and Toroidal Grids.
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Top Left: Friendship Graph n = 4, Top Center: Peterson
Graph, Top Right: Toroidal Grid, Bottom: Infinite Path

On a Petersen graph, given that the tipsy moves by either player
account for half of all moves t = 0.5 and c+ r = 1− t = 0.5 the
following table gives the probability the cop will still be chasing
the robber after M = 7 rounds, given that the cop and the
robber start at distance d = 1 or 2, based on the percentage of
the sober moves allocated to the cop and the robber.

Measure Proportion of Sober moves c + r = 0.5
Robber r = 0 r = 0.1 r = 0.2 r = 0.3 r = 0.4 r = 0.5
Cop c = 0.5 c = 0.4 c = 0.3 c = 0.2 c = 0.1 c = 0.0
G7(1) 0.039 0.1 0.204 0.352 0.536 0.735
G7(2) 0.078 0.175 0.318 0.496 0.687 0.86
E7(1) 2.25 3.11 4.59 7.44 14.06 40
E7(2) 3.75 4.87 6.73 10.17 17.81 42

We model the game on a 7× 7 Toroidal grid with the following
proportion of moves r = 0.4, c = 0.3, t = 0.3

Measure Initial State d
(3,3) (3,2) (3,1) (3,0) (2,2) (2,1) (2,0) (1,1) (1,0)

G50(d) 0.548 0.531 0.494 0.452 0.496 0.438 0.373 0.351 0.233
E(d) 78.18 95.95 71.21 65.62 71.42 63.66 54.75 51.65 34.75

Tipsiness as a Function of Time

We modeled tipsiness as a function of time, where the players
begin totally drunk and sober up as rounds passed. For a nu-
merical example, let tipsiness be the function given by the for-
mula t = f (m) = 4

m+3, where m is the current round, then the
following results are calculated if the game is played on a cycle
graph with six nodes.

Measure Percentage of Sober Moves that are Robber Moves
t = 4

m+3 0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%
G5(1) 0.1393 0.1709 0.2023 0.2331 0.2630 0.2917 0.3189 0.3444 0.3681 0.3899 0.4095
G5(2) 0.3667 0.4078 0.4484 0.4882 0.5270 0.5646 0.6008 0.6354 0.6684 0.6995 0.7286
G5(3) 0.2786 0.3419 0.4047 0.4663 0.5260 0.5833 0.6378 0.6889 0.7363 0.7798 0.8190
E(1) 3.029∗ 3.245∗ 3.530∗ 3.922∗ 4.504∗ 5.456∗ 7.281∗ 11.83∗ 30.39∗ 242.8∗∗ ∞
E(2) 4.586∗ 4.962∗ 5.456∗ 6.140∗ 7.153∗ 8.812∗ 11.99∗ 19.92∗ 52.27∗ 422.9∗∗ ∞
E(3) 5.059∗ 5.491∗ 6.059∗ 6.845∗ 8.008∗ 9.913∗ 13.56∗ 22.67∗ 59.78∗ 484.7∗∗ ∞

Tipsiness as a Function of Distance

We also modeled tipsiness as a function of distance, where players
become more tipsy as the distance between them increases and
sober up as the distance decrease. For a numerical example, given
t = δ(d) = d−1

n , where n is the maximum distance possible, the
following can be calculated for cycle graph with ten nodes.

Measure Percentage of Sober Moves that are Robber Moves
0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%

G20(1) 0 0.0001 0.0024 0.015 0.057 0.148 0.299 0.491 0.689 0.864 1
G20(2) 6E − 5 0.001 0.009 0.041 0.125 0.277 0.48 0.69 0.86 0.958 1
G20(3) 0.0005 0.0049 0.025 0.085 0.208 0.391 0.599 0.784 0.912 0.978 1
G20(4) 0.0011 0.0088 0.039 0.118 0.261 0.454 0.657 0.824 0.932 0.984 1
G20(5) 0.0024 0.0139 0.053 0.144 0.295 0.489 0.683 0.839 0.938 0.985 1
E(1) 1 1.29 1.81 2.78 4.77 9.25 20.58 53.89 177.7 914.8 ∞
E(2) 2.30 2.97 4.06 5.93 9.41 16.5 32.64 75.55 220.8 1015 ∞
E(3) 4.02 5.04 6.59 9.1 13.45 21.75 39.64 85.2 234.7 1036 ∞
E(4) 5.87 7.09 8.88 11.65 16.32 25.0 43.36 89.49 239.7 1042 ∞
E(5) 6.87 8.14 9.97 12.79 17.51 26.25 44.68 90.88 241.2 1044 ∞

Open questions

• Model the game on infinite grids with multiple states for a
given distance where it is not immediately clear what
strategy the players should use to increase/decrease
distance.
• What if cops/robbers are added as time goes on?
• How the game changes if the cop and the robber do not

take turn, but instead move at the same time?
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