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Abstract

In the Game of Cycles [2], players take turns directing
edges of an undirected graph, trying to be the first player
to make a cycle cell. We played this game on a path,
and then generalized those results to graphs of stacked
polygons.

Definitions and Rules

Gameboard - Simple, connected, undirected, planar
graph and the bounded cells it creates
Cycle Cell - Chordless cycle of the graph whose edges
are all directed the same way.

Cycle Cell Not Cycle Cell

Rules:

1. A player must make a move if it is possible

2. Neither player is allowed to create a sink or a source

Sink Source

Unmarkable edge - An edge is unmarkable if it cannot
be directed, as doing so would create either a sink or a
source.
Winner - Player who first creates a directed cycle cell, or
the player who makes the last legal move

Motivation

After solving similar boards, Alvarado et al [1] provided
an unsolved board that motivated our research.

Results

The Game of Cycles on a path

Lemma 1. A path will have an even number of unmarkable
edges when the end edges are directed the same direction and
an odd number of unmarkable edges when the end edges are
directed in opposite directions.

Proof. Polygons have an even number of unmarkable edges [1].
Drawing an extra edge between the end vertices, the direction
of the two starred edges will dictate if the additional edge is un-
markable, and therefore the parity of the number of unmarkable
edges on the original path.

* *

The Game of Cycles on Two Stacked Polygons
Consider a j+2-gon and a k+2-gon sharing two edges, referred
to as the j-2-k graph. Applying Lemma 1, it is possible to show
that the following positions must have an even number of un-
markable edges and have at most one cycle cell.

Theorem 2.For a j-2-k graph with j, k > 3, Player 1 has a winning
strategy when j+k is odd and Player 2 has a winning strategy
when j+k is even.

Proof. (Outline)

• The winner can force one of the above positions

• If there is no cycle cell created the winner is determined by
the parity of the number of edges

• If there is a cycle cell created, the winner may use the even
number of unmarkable edges and the parity of the number
of edges to guarantee they direct the last edge of the cycle

Further Polygon Stacking

u v

Theorem 3. Consider a graph consisting of p disjoint
paths between two vertices u and v with the property
that every path with an odd number of edges between u
and v has at least 5 edges. For such a graph, Player 1
has a winning strategy when there is an odd number of
total edges and Player 2 has a winning strategy when
there is an even number of total edges.

Further Research Directions
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Even-Odd Conjecture

New Conjecture : In a graph in which all vertices have
degree greater than or equal to 2, Player 1 has a win-
ning strategy when there is an odd number of edges and
Player 2 has a winning strategy when there is an even
number of edges
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