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Abstract

• Topological Data Analysis (TDA) is a
new tool in computational mathematics
that is used to study the topology of
arbitrary data.

• Turbulence is a ubiquitous feature in
plasma systems that is spacial in nature.

• Here we explore the use of TDA in
studying plasma turbulence. In
particular we look to study drift wave
turbulence in the Hasegawa Wakatani
Model.

• The goal is to use this tool to gain new
insights into turbulence and see if
topology can predict changes in
turbulent state.

β0 = 3 counting the three disconnected black
regions. β1 = 2 counting the two white holes
completely enclosed by black pixels. Regions

incident on the boundary do not count as holes.

Cubical Homology

• Cubical homology computes the
homology groups, Hk, of a cubical set,
here viewed as a binary image. The
rank of Hk, called the k-th Betti
number βk, gives information about
number of k-dimensional holes in the
set.

• In 2-dimensions, we have the intuitive
definition;
• β0 = number of connected

components.
• β1 = number of holes.

• Homology is invariant under smooth
deformation or homeomorphism.

Images with homology (4, 3).

Persistent Homology

• We can extend cubical homology to
study grayscale data as follows:
1 Form a filtration of the data.
2 Compute the homology at each level

in the filtration.
3 Track the features that appear and

disappear as we traverse the filtration.
• From this we form persistence diagrams.

Right is an example of a sublevel set
filtration.[1]

• Persistence diagrams are insensitive to
small additive noise.

Persistence diagram of two Fourier modes under a sublevelset filtration.

Persistence of Turbulence Data

Normalized image of the density fluctuations in the HW model generated with BOUT++[2]
(right), and it’s persistence diagram (left). Included along the diagonal are images of the

sublevelset filtration and their Betti numbers.

There are a few things that we can
identify about turbulence data from its
persistence diagram:
• There is a characteristic scale around

n = 0 where the β0 and β1 features are
separate. This corresponds with the
mean value of the n field where all the
connected components merge to form
holes.

• We can identify the large eddies with
the long lifespan features in the
persistence diagram.

• There is an up down symmetry in the
image that is mirrored in the symmetric
structure of β0 and β1.

Phase Changes and Motivation
The Ising Model

• A simple neighbor based interaction
model that exbibits a phase transition.

• β0 can identify the critical temperature
where the phase transition occurs.

• Can we find a similar relationship in the
zonal to turbulent transition in
plasmas?

Measurements of β0 on the Ising model at
different temperatures.

Modified
Hasegawa-Wakatani

• A simple cold ion model that represents
the physics of drift wave turbulence[3].
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Results

Number of features in steady state MHW simulations[2]. The different plasma regions are
taken from previous work by Numata et. al. 2007[4]

TDA Metrics
• Let L denote the set of all lifespans in a

persistence diagram.
• The number of features; Nf =| L |,

identifies three distinct dynamic regions
but is unstable.

• Total lifespan; Tl = Σl∈Ll recovers some
information about dynamics and is
more robust than | L |.

• Lifespan entropy; Sl = −Σl∈L
l
Tl

log l
Tl

,
recovers dynamic information and is
robust.
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