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DEFINITION (CAYLEY GRAPHS)

Given a group G and a subset S of G, the Cayley graph, Cay(G : S), is the undirected graph with
vertex set G and edge set containing an edge from g to sg and from g to s−1g whenever g ∈ G and
s ∈ S. If |g| = 2, the edge from g→ sg and g→ s−1g are the same. This results in one edge.
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Fig. 1: Cay(D8 : {r, s})

s

sr3

1

r3

r

r2

sr

sr2
Fig. 2: Cay(D8 : {s, rs})
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Fig. 3: Cay(Q8 : {i, j})

Hamiltonian Graphs

DEFINITION (HAMILTONIAN PATH, CIRCUIT, AND GRAPHS)

A Hamiltonian path through a graph is a path whose vertex list contains each vertex of the graph
exactly once, except if the path is a circuit, in which case the initial vertex appears a second time as the
terminal vertex. If the path is a circuit, then it is called a Hamiltonian circuit. A Hamiltonian graph is a
graph that possesses a Hamiltonian path.

EXAMPLE (THE ORIGINAL HAMILTONIAN GRAPH)
Figure 3 shows a graph that is Hamiltonian. In fact, it is the graph that Hamilton used as an example to
pose the question of existence of Hamiltonian paths in 1859. In its original form, the puzzle that was
posed to readers was called “Around the World.” The vertices were labeled with names of major cities
of the world and the object was to complete a tour of these cities. The graph is also referred to as the
dodecahedron graph, where vertices correspond with the corners of a dodecahedron and the edges are
the edges of the solid that connect the corners.

Figure: Around the world
Figure: Hamiltonian Graph

CONJECTURE
(Folklore, Alspach, 1985) Any connected Cayley graph is Hamiltonian.

CONJECTURE
(Marusic, 1983) Every connected Cayley graph of an abelian group of order at least three is
Hamiltonian.

LEMMA (FACTOR GROUP LEMMA)

Let H be a cyclic, normal subgroup of index n in a finite group G and let S be a generating set of
G. If (siH : 1 6 i 6 n) is a Hamiltonian cycle in the Cayley digraph of G/H where
s1; s2; · · · ; sn ∈ S and s1s2 · · · sn is a generator of H, then |H| ∗ (si : 1 6 i 6 n) is Hamiltonian
cycle in the DiCay(G : S).

THEOREM

There is a Hamiltonian path on every Cayley digraph on an abelian group.

PROOF.

We prove this theorem by induction. Let G be an abelian group. Let S be our generating set. If
|S| = 1, then the group is Zn and has one generator. Hence, there already exists a Hamiltonian
path.
If |S| = k, we assume there exists a Hamiltonian path.
Let |S| = k + 1. Suppose S = {s0; s1; · · · ; sk}. Choose s0 ∈ S. G/〈s0〉 is a subgroup of G.
Furthermore, it is a normal subgroup since G is abelian. Now our generating set has one fewer
elements. So our generating set was once S and is now S = {s1; · · · ; sk}. So, since there is one
fewer generator, Cay(G/〈s0〉 : S) has a Hamiltonian path. To find a Hamiltonian path for G, let
s0 ∈ S. Define d = |s0|− 1. Then (s0 ∗ d; s1; s0 ∗ d; · · · ; sk; s0 ∗ d) is a Hamiltonian path in
Cay(G : S). This means, we do s0 d times, then s1 once, and so on. We are essentially almost
finishing a cycle, but we skip the last step to close the path and move onto a different generator
of S. Then we again continue the cycle of s0 with one less step. Eventually, we have a
Hamiltonian path.

THEOREM (CLASSICAL CAYLEY THEOREM)

The Cayley graph Γ(G,X) is path connected if and only if α : S→ G generates G algebraically.

The Cayley graph of Z2 is a line, so it cannot have a Hamiltonian cycle. The question remains,
can we find a Hamiltonian cycle on every Cayley graph of a nonabelian group?

EXAMPLE (Cay(S4 : {(123); (1234)}))
To create this Cayley graph, we begin left multiplication from the identity by (1234). The
identity is denoted “ id” in the graph. These vertices are found
(1234) ∗ id = (1234), (1234) ∗ (1234) = (13)(24), (1234) ∗ (13)(24) = (1432), and
(1234) ∗ (1432) = id. Since this left multiplication was done four times, we are able to create a
square from the operation. Fig. Cay displays this Cayley graph. The black line represents left
multiplication by (1234). The red line is left multiplication by (123). To obtain the other
vertices, we continue to left multiply each vertex by (123). In the same manner, we obtain
(123) ∗ id = (123), (123) ∗ (123) = (132), and (123) ∗ (132) = id. This time three operations
develops a triangle shape. The rest of the diagram is obtained in this manner, where we make
sure that every possible vertex is multiplied by both generators. This Cayley graph is a truncated
octahedron in the third dimension. Note, there exists a Hamiltonian cycle in this graph.

THEOREM

Cay(D2n : {r; s}) is Hamiltonian.
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Fig. Cay: Cay(S4, {(123); (1234)})

PROOF.

For any dihedral group with generator r, there will be an n-gon generated by r. Furthermore,
since our generators are 〈r; s〉, left multiplying each vertex by s extends the vertices of the
n-gon. Each of these lines connects through multiplication by r. This is displayed in Fig. 5.
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Fig. 5: A Hamiltonian cycle on D2n

In this image, we see for all n,D2n will have two n-gons. One on the inside and the other on the
outside. The vertices are connected respectively. A Hamiltonian cycle, in the thick line, is
constructed by starting at vertex 1, moving clockwise among the inner n-gon, stopping at the
vertex rn−1 to left multiply by s, such that we now move counterclockwise on the outer n-gon
until we get to vertex s, and move back on the connecting line to 1.

FURTHER STUDIES

We are currently studying semi direct product of groups and their relationships with the product
of Cayley Graphs and what further generalization could be made on Hamiltonian Cayley graphs.
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