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Inspired by the COVID-19 pandemic, this research investigated the feasibility of  obtaining good convergence results for a model of  the nonhomogeneous Volterra integral equation of  the second kind for Brazil and South Africa. Volterra Integral Equations are widely used 
to model infection and recovery of  disease in a population. Gaussian quadrature nodes were used to numerically approximate the integrals (the integrand-kernels were weakly singular). This model accounts for the number of  initially infected individuals, susceptible individuals, 
removed individuals, number of  contacts per person, the recovery rate, age, the total population, and an unknown function that is hypothesized to be a variable of  combining age, preexisting health conditions, income, access to healthcare, etcetera. This model specifically looks 

at COVID-19 in Brazil and South Africa for the first 300 days of  the pandemic. The numerical results of  this research give good convergence (up to 10-5) for this model as well as limitations of  the model. The model is built on the assumption that the infection curves are 
characteristic of  cubic and inverse tangent functions. The pandemic has been shown to have two waves of  increased infections, both with similar cubic and inverse tangent patterns. The Infected-Susceptible-Recovered (ISR) model was applied to both waves of  the pandemic 

with modifications.
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For preliminary work, Gaussian quadrature was used to approximate the 
integral. The values for R0, I0, S(x), β, N, and γ were found from [2][3]. The 
values for I(x) were obtained from JMP (SAS) by fitting the infection curve to the 
data for number of  infections per day (logistic 5p). In order to use the Gaussian 
Quadrature method, the original integral was transformed into an integral from 
1 to 1.

This is the Gaussian Quadrature method where the ci values are coefficients 
chosen to minimize the expected error, and P(x) is the Legendre polynomial 
evaluated at the nodes, xi.
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Figure 1. The number of  infections [I(x)] for South Africa (orange) and 
Brazil (green) for the first wave of  the pandemic, 1-200 days. South Africa 
was fit to a log5p model and Brazil was fit to a log4p model on JMP SAS 

software (R2 equal to 0.99). 

Figure 2. The number of  infections [I(x)] for South Africa (orange) and 
Brazil (green) for the second wave of  the pandemic, 201-300 days. Both 
countries were fit to a log5p model on JMP SAS software (R2 equal to 

0.99).
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COVID-19 was declared a pandemic on March 11, 2020. In Brazil, with a population of  209.5 million, cases 
quickly climbed in the first wave of  about 200 days. South Africa, although a smaller population with about 58 
million, experienced a similar trend of  cases in the first 200 days as well. This model has been applied to both 
the first wave (200 days) and the second wave (201-300 days) of  the pandemic for both countries. The same 

model is used for each country with different parameters. Brazil has a higher population density of  about four 
times higher than South Africa. The number of  initially removed (R0) individuals was higher in South Africa 

because the number of  initially infected (I0) individuals was higher, and the population is defined at N = R0 + I0
+ S0, where R0, I0, and S0 are percentages of  the total population. The recovery rate in South Africa was higher 

than Brazil due to the susceptibility rate being higher. 

The ISR (Infection-Susceptibility-Recovery) Model is  a Volterra Integral 
Equation of  the second kind [1]:

Conclusions and Future Work

Volterra Integral Equation - ISR Model

This model includes the number of  removed individuals, which can be found 
using the equation below.

𝑅4 = N − 𝐼4 − 𝑆4

The model also includes the unknown function 𝜆 𝑡 , that is hypothesized to be 
a variable of  combining age, preexisting health conditions, income, access to 
healthcare, etcetera. The unknown function was modified for each country for 
each wave of  the pandemic. Equation 6 is λ t for Brazil 1-200 days. 

λ t = 0.241 − 0.002t + 1.67 ∗ 10(T𝑡U
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The second wave in each country used a different power of  R0 to account for 
the growing rates of  the pandemic. For South Africa, the second wave used R0

4, 
and for Brazil, the second wave used R0

2.   
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With the modifications of  the number of  removed individuals and the 
inclusion of  𝜆(𝑡), the model produced results with good convergence with 
little error for the first two waves of  the pandemic. In the future, this model 
will be programmed using the Fortran 77 programming language to apply 
Green’s Theorem and numerically approximate using higher Gaussian 
quadrature nodes for the integral that cannot be solved analytically. The 
shapes that will be used to approximate the area over which the infections are 
distributed will be a spherical heart and an ellipsoid for Brazil and South 
Africa respectively. This model could account for COVID-19 variants, as well 
as factors of  immunity such as vaccinations and prior infection, by changing 
the assumptions of  𝛽 being an average, S(x) being a constant, and exploring 
the actual variables of  the unknown function 𝜆 𝑡 , which was modelled as a 
percentage of  the total population.

Table 2. Results for number of  recovered individuals for Brazil.

Table 3. Results for number of  recovered individuals for South Africa.

In Brazil, the ISR model predicts the number of  recovered individuals to the 
accuracy of  10-3 for 0-200 days and 10-4 for 201-300 days. The best convergence 
results were found for 300 days with 7 Gaussian quadrature nodes.

In South Africa, ISR Model predicts the recovery rate up to accuracy of  10-5 for 
0-200 days and 10-2 for 201-300 days. The best convergence results were found 
for 150 days with 7 Gaussian quadrature nodes. 
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Inverse tangent was chosen for 𝛽, the contact rate, because trends have shown 
logarithmic and exponential patterns for this parameter.
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First Wave (Days 0-200) Second Wave (Days 201-300)

The infection rate I(x) was found by fitting the curve of  infections per day to a logistic5p model on JMP SAS 
software. The general form of  a log5p equation is as follows:

I x = 𝑐 + u(v
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Where a is the growth rate, b is the inflection point, c is the first asymptote, d is the second asymptote, and f  is 
the power. 
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Brazil 1: Brazil 2:

South Africa 1: South Africa 2:

Volterra Integral Equations of  the second kind is given by:

Table 1. Variables of  the ISR model and the parameter definitions. 
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The rate of  recovery was given by the following model:


