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The Phase Retrieval Problem

The phase retrieval problem involves reconstructing a
signal from magnitude-only measurements.

Goal: Design a fast, robust, mathematically rigorous
phase retrieval algorithm in the Fourier ptychographic
(optical microscopy) setting.

Motivating Example

|3x1 − (2i)x2|2 = |3 − 3i|2

|x1 + (1 − i)x2|2 = |4 − 2i|2.
In order to solve for solutions x = [x1 x2]T , we expand
the absolute value squared by multiplying by the con-
jugate and therefore lift the non-linear system to a
new linear system of four unknowns:
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Adding two other (suitably chosen) equations to the
system from additional measurements, we can solve:
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We then rearrange the unknowns into a square, rank
one matrix and finding its leading (corr. to the nonzero
eigenvalue) eigenvector – a process known as angular
synchronization.
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Our Model

Yn,ℓ = |⟨Sαℓx̂, m̂ ◦ gn⟩|2 + Nn,ℓ (n, ℓ) ∈ ZN × ZN
α

• x̂ ∈ CN , unknown quantity of interest
• Sαℓ : CN → CN , circular shift operator (by αℓ

components)
(Sαℓx̂)k := x̂(k−αℓ) mod N

• m̂ ∈ CN : complex mask vector
• m̂ =

[
m̂0 m̂1 · · · m̂β 0 · · · 0 m̂N−β · · · m̂N−1

]T

• Number of nonzero components of m̂ : s = 2β + 1
• Varying ℓ allows us to “see” different components of x̂
• Varying s allows us to "see" more or less components of x̂

• ◦ : componentwise product (x ◦ y)n = xnyn

• {gn} ⊆ CN , set of N vectors where components
are complex Gaussian random variables

• Yn,ℓ, measurement corresponding to ℓth shift
• N , noise matrix
• α ∈ N, shift length (subsampling parameter)

Step 1: Linearization

As in the motivating example, the model gives us a
non-linear system in the components of x̂. Similarly,
we can expand the absolute value by multiplying by
the conjugate and obtain a linear system in terms of
the unknowns x̂kx̂j for (k, j) ∈ ZN .

Step 2: Solving the System

The nature of m̂, the mask vector, is such that the non-
zero entries (represented with a blue dot) of the linear
system can be solved in a block structure. We do this
by arranging our variables (represented by columns) of
the form x̂kx̂j for (k, j) ∈ ZN in a specific form.

Step 3: Block Angular Synchronization

After solving the linear system, we will have recovered
a subset of x̂kx̂j’s for (k, j) ∈ ZN that will be stored
as a Hermitian matrix with cascading block structure

We then use the leading eigenvalue and eigenvector of
each block to recover components of x̂. For the high-
lighted blocks above, we have (where c1, c2 ∈ C)
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Next, we scale the magnitude and phase of each block
by a local factor to ensure compatibility in the overlap-
ping regions. The schematic below shows results from
two adjacent blocks, with the overlapping components
highlighted in pink.

Resolve magnitude and phase incompatibilities using

u(ℓ) = ∥ũ(ℓ−1)∥
∥ũ(ℓ)∥

u(ℓ), u(ℓ) = eiθu(ℓ).

Repeating this process on each block allows us to re-
cover x̂ up to a single (global) phase constant.

Numerical Results

Using MATLAB, we tested for efficiency and noise
robustness. Numerical experiments confirmed the
essentially linear computational complexity of the
block angular synchronization algorithm, and excellent
(recovery up to the level of added noise) robustness per-
formance of the overall phase retrieval algorithm.
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