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Motivating Example: Friends and Strangers

Suppose that we have two simple graphs on the same number of vertices. X is a

graph of seats, where some pairs of seats are adjacent. Y is the friendship graph on

a group of people.

We place people on the seats and then we can perform the following operation.

Whenever two friends are on adjacent seats, they can swap seats. For example:

Motivating Example: The 15-Puzzle

The same process described above appears in the famous 15-puzzle.

In it, the X graph of positions is just a 4 × 4 grid. The friendship graph, defined on the
15 tiles and the empty cell, is a star graph with the empty cell as a center.

To study the mathematical properties of such processes, one needs a formal defini-

tion. Such a definition was given by Defant and Kravitz.

Definition 1.1 (Defant and Kravitz, 2020, [3])

For two simple graphs X and Y with the same (finite) number of vertices, their

friends-and-strangers graph FS(X, Y ) is defined as:

The vertex set of FS(X, Y ) consists of all bijections σ : V (X) −→ V (Y ). (each
seat is assigned to one person)

Two bijections σ and τ are adjacent if and only if there exist two distinct
vertices u, v ∈ V (X) such that:

u and v are adjacent in X, (seats u and v are adjacent)

σ(u) and σ(v) are adjacent in Y, (people σ(u) and σ(v) are friends)
σ(u) = τ (v) and σ(v) = τ (u), (people σ(u) and σ(v) have swapped seats)

σ(w) = τ (w) for all w ∈ V (X)\{u, v}. (everyone else is on the same seat)

A natural question to ask about a friends-and-strangers graph is whether it is

connected, i.e., whether it is possible to get from any arrangement of people on

seats to any other arrangement. More generally, we are interested in the number of

connected components of a friends-and-strangers graph. The current work studies

extremal problems in this vein.

Extremal Questions for General Graphs

As usual, we denote by δ(G) the minimum degree of a graph G. Alon, Defant, and
Kravitz ask the following extremal question in [1].

Problem 2.1: Let n be a natural number. What is the minimal number dn, such that for

any two graphs X and Y on n vertices that satisfy δ(X) ≥ dn and δ(Y ) ≥ dn, the graph
FS(X, Y ) is connected?

The authors prove that 3n
5 − 2 ≤ dn ≤ 9n

14 + 2 for n ≥ 16 [1]. They conjecture that the
lower bound of 3n/5 + O(1) is tight. We answer this in the positive by addressing

the following more general question, which also appears in [1].

Problem 2.2: Find conditions on the pairs (δ1(n), δ2(n)) which guarantee that for any

two connected n-vertex graphs X, Y such that δ(X) ≥ δ1(n) and δ(Y ) ≥ δ2(n), the
graph FS(X, Y ) is connected.

Our first contribution towards Problem 2.2 is the following theorem.

Theorem 2.3 (B., 2021, [2])

Suppose that X and Y are two graphs on n ≥ 6 vertices satisfying:

δ(X) > n/2, δ(Y ) > n/2,
2 min(δ(X), δ(Y )) + 3 max(δ(X), δ(Y )) ≥ 3n.

Then FS(X, Y ) is connected.

Theorem 2.3, in particular, settles Problem 2.1 up to additive constants by showing

that dn ≤ d3n
5 e.

We also obtain a weaker result in the regime where one of the graphs is allowed to

have minimum degree at most n/2.

Theorem 2.4 (B., 2021, [2])

Suppose that X and Y are two graphs on n vertices satisfying:

X and Y are both connected,

min(δ(X), δ(Y )) + 2 max(δ(X), δ(Y )) ≥ 2n.

Then FS(X, Y ) is connected.

We complement the two theorems with the following lower bounds.

Proposition 2.5 (B., 2021, [2])

Suppose that n ≥ k ≥ 5 are integers. Then there exist connected graphs X and Y

such that δ(X) ≥ 3n
k − 4, δ(Y ) ≥ (k−2)n

k − 3 and FS(X, Y ) is disconnected.

We summarize these results with a picture:

In solid red are pairs (δ1(n), δ2(n)) which do not guarantee that FS(X, Y ) is
connected. In dotted green and striped blue are pairs which guarantee that

FS(X, Y ) is connected. White portions are still unresolved. The black line

corresponds to a conjectured tight upper and lower bound.

Extremal Questions for Bipartite Graphs

It turns out that bipartiteness is an obstruction to the connectivity of

friends-and-strangers graphs. In [3], Defant and Kravitz show that if both X and Y
are bipartite, then FS(X, Y ) has at least two connected components. For that

reason, when X and Y are taken from bipartite families, it is natural to ask for

conditions that guarantee that FS(X, Y ) has exactly two connected components.

Alon, Defant, and Kravitz undertake this approach in [1] by studying the following

question.

Problem 3.1: What is the minimal number dr,r, such that for any two edge-subgraphs X
and Y of Kr,r that satisfy δ(X) ≥ dr,r and δ(Y ) ≥ dr,r, the graph FS(X, Y ) has exactly
two connected components?

The authors show that
⌈

3r+1
4

⌉
≤ dr,r ≤

⌈
3r+2

4

⌉
, which almost fully resolves the

question. They also pose the following problem.

Problem 3.2: What is the minimal number d∗
r,r, such that for any edge-subgraph X of

Kr,r that satisfies δ(X) ≥ d∗
r,r, the graph FS(X, Kr,r) has exactly two connected

components?

In this current work, we analyze an asymmetric generalization of Problem 3.1 in the

style of Problem 2.2. In particular, this generalization captures Problem 3.2.

Problem 3.3: Find conditions on the pairs (δ1(r, r), δ2(r, r)) which guarantee that for any

two edge-subgraphs X and Y of Kr,r such that δ(X) ≥ δ1(r, r) and δ(Y ) ≥ δ2(r, r), the
graph FS(X, Y ) has exactly two connected components.

The current work gives a complete (up to additive constants) answer to this

question.

Theorem 3.4 (B., 2021, [2])

Let r ≥ 2 and let X and Y be edge-subgraphs of Kr,r such that

δ(X) + δ(Y ) ≥ 3r/2 + 1.

Then FS(X, Y ) has exactly two connected components.

Theorem 3.5 (B., 2021, [2])

Let r ≥ 2 and δ1, δ2 be non-negative integers satisfying

δ1 ≤ r, δ2 ≤ r, and δ1 + δ2 ≤ b3r/2c.

Then there exist two edge-subgraphs X and Y of Kr,r such that δ(X) = δ1,
δ(Y ) = δ2, and FS(X, Y ) has more than two connected components.

In particular, those two theorems show that d∗
r,r = r/2 + 1 when r is even and

d∗
r,r ∈ {dr/2e, dr/2e + 1} when r is odd.
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