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Introduction

A modular form of weight k is a function f (τ ) =∑∞
n=0 af(n)e

2πinτ on the upper half of C satisfying

f

(
aτ + b

cτ + d

)
= (cτ + d)kf (τ )

for all ( a b
c d ) ∈ SL2(Z). For each prime p, there is

a linear Hecke operator Tp acting on the space of
modular forms of weight k; a cuspidal newform is a
modular form f that is an eigenvector of each Tp and
satisfies af(0) = 0, af(1) = 1.

If f is a cuspidal newform, then af is multiplica-
tive and completely determined by its values at the
primes. Deligne’s proof of the Weil conjectures im-
plies the Weil–Deligne bound |af(p)| ≤ 2p

k−1
2 .

Question

For θp defined by

af(p) = 2p
k−1
2 cos(θp),

how are the values θp distributed in [0, π]?

Let I = [a, b] ⊆ [0, π] and let π(x) := #{p ≤ x}
and πf,I(x) := #{p ≤ x : θp ∈ I}. We define the
Sato–Tate measure of I by

µST(I) :=
2

π

∫ b

a

(sin2 θ) dθ.

Sato–Tate Conjecture (1963)

πf,I(x)

π(x)
→ µST(I) as x → ∞.

This is now a theorem due to Barnet-Lamb, Geraghty,
Harris, and Taylor (2011).

Effective Forms of Sato–Tate

Question. For large x, can we bound the error∣∣∣∣πf,I(x)π(x)
− µST(I)

∣∣∣∣?

Figure 1:The distribution of θp versus the Sato–Tate distribution for the first 100, 1000, and 10000 values of τ (p).

Effective Forms (Previous Results)

• (Rouse–Thorner, 2013) Assuming GRH, if x
satisfies log x ≥ (k − 1)68, then

|πf,I(x)− µST(I) Li(x)| ≤ 3.33x
3
4.

• (Thorner, 2020) There exists an effectively
computable constant c1 such that for x ≥ 3,∣∣∣∣πf,I(x)π(x)

− µST(I)

∣∣∣∣ ≤ c1
log((k − 1) log x)√

log x
.

Unconditional Explicit Sato–Tate

(HIJT, 2021)

Let f (z) =
∑∞

n=1 af(n)e
2πinτ be a cuspidal new-

form with weight k ≥ 2. Then∣∣∣∣πf,I(x)π(x)
− µST (I)

∣∣∣∣ ≤ 58.1
log((k − 1) log x)√

log x
for all x ≥ 3.

Symmetric Power L-Functions

For m ≥ 0, the mth symmetric power L-function is

L(s, Symm f ) :=
∏
p

m∏
j=0

1

1− ei(m−2j)θp p−s
.

Automorphy (Newton–Thorne, ’19)

The L(s, Symm f ) are automorphic. In particular,
there is an explicit function γ(s, Symm f ) such that

ξ(s, Symm f ) := γ(s, Symm f )L(s, Symm f )

is entire with ξ(1− s, Symm f ) = ±ξ(s, Symm f ).

Reducing to Nontrivial Zeros

Let χI(θ) be the indicator function of I and ϑf,I(x) :=∑
p≤xχI(θ) log p. We can approximate χI(θ) using

sums of Chebyshev polynomials Um(cos θ); hence, it
suffices to bound

∑
n≤xΛSymm f(n) for m ≥ 1, where

−L′

L
(s, Symm f ) =

∞∑
n=1

ΛSymm f(n)n
−s.

Contour Integral

∑
n≤x

ΛSymm f(n) =

∫ 2+i∞

2−i∞
−L′

L
(s, Symm f )

xs

s
ds

The residue theorem gives a formula for the right side
depending on zeros of L(s, Symm f ), so we need:

1.A bound on N(T ), the number of nontrivial zeros
of L(s, Symm f ) up to height T .

2.A zero-free region for L(s, Symm f ).

Additional Tools

1.Bound N(T ) using a rectangular contour integral.

2.Use properties of Um(cos θ) to define an auxiliary
L-function whose logarithm has positive Dirichlet
coefficients, then use it to derive a zero-free region.

Also: Use smoothing to ensure absolute convergence,
and choose the optimal number of Um(cos θ) to take.

An Application

Atkin–Serre Conjecture. Suppose k ≥ 4. For
all ε > 0, there is a cε,f > 0 such that for large p,

|af(p)| ≥ cε,f p
k−3
2 −ε.

Using our effective bound, we can derive an explicit
bound for the number of primes x < p ≤ 2x that
violate Atkin–Serre (cf. Gafni–Thorner–Wong):

#
{
x<p≤2x:|af(p)|≤2p

k−1
2 log log p√

log p

}
#{x<p≤2x} ≤ 179 · log((k−1) log x)√

log x
.

Generalizations

We have similar results for non-CM elliptic curves of
any conductor, as well as for higher even weight cuspi-
dal newforms (non-CM, trivial nebentypus) of square-
free level.
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