
Deconvolution of Temporally Under-Resolved Signals for Coupled Dynamical Systems

Sometimes physical systems have dynamics that are faster than the rate of data 
acquisition, for example capturing motion with a slow shutter speed. (See Fig. E.) If 
there is a clean, temporally-resolved signal that is dynamically coupled to the noisy, 
under-resolved signal, we can use results from dynamical systems theory to reconstruct 
the true dynamics of the system. 

Fig. E (left). Input signals for the 
deconvolution algorithm. Y(t) is 
coupled to the clean reference X(t) (as 
seen in Fig. B.). We introduce noise in 
the middle plot and take averages 
through time in the color coordinated 
regions. V(t) is the under-resolved 
signal that we want to deconvolute and 
denoise. Below, you can see an 
approximation for V(t) in terms of a 
parameter determined by Fig. F, c:

Fig. H. Mutual information is plotted as a 
function of the time lag parameter, τ. The 
first local minimum of mutual information 
is shown in red. According to Fraser’s 
criterion, the time lag associated with this 
point is potentially the optimal value.

Fig. F (left). The subset of the 
shadow manifold of X(t), with points 
in the colored regions shown in Fig. 
E. The grouping pattern is a Voronoi 
Diagram. Reconstructing Y(t) comes 
down to solving:

Fig. I.  E1 is plotted as a function of the 
embedding dimension. E1 measures how 
closely the shadow manifold resembles 
the state manifold. According to Cao’s 
method, the minimum embedding 
dimension (shown in red) is the one at 
which E1 stops changing significantly. 

Fig. A. We used signals from the 
Lorenz system, where X(t) is our 
clean reference signal, and Y(t) 
is the signal to be reconstructed.

Hyperparameter OptimizationThe Deconvolution Algorithm

Fig. J. Log-error (1-PCC) of the 
reconstructed signal is plotted as a 
function of log input size. Each colored 
line corresponds to a different number of 
Voronoi cells. The optimal number of 
Voronoi cells for each input size is shown 
in red.

Our method relies on Takens’ Embedding Theorem, which guarantees a diffeomorphism 
between a sufficiently high dimensional shadow manifold and the original system.

An E-dimensional shadow manifold, Mx(t), is constructed by taking time lags of a signal 
by multiples of a parameter τ as follows:

Fig. K. Log-error (1-PCC) of the 
reconstructed signal is plotted as a 
function of log input size. The optimal 
number of Voronoi cells for each input 
size was used in deconvolution. The error 
in the reconstructed signal decreases 
linearly as the input size increases.

Diffeomorphism: a smooth bijective map such that the map and its inverse are differentiable  

Fig. B. The X(t) signal from the Lorenz system, one time-lagged signal X(t–τ), and the 
corresponding two-dimensional shadow manifold graphed in phase space.

Fig. C. If two dimensions are “sufficiently high,” Takens’ Embedding Theorem 
guarantees a diffeomorphism gx between this shadow manifold and the state manifold. 
Using these diffeomorphisms, we can reconstruct one dynamically coupled signal from 
the other. The challenge is that gx and gy are unknown, so we must approximate them.

Background

Fig. G. The reconstruction of the Y(t) signal is shown in orange, and the 
original solution to the Lorenz system is shown in black.

For a primer on this type of signal reconstruction and a discussion of c, see Araki et al., “A 
grid-based nonlinear approach to noise reduction and deconvolution for coupled systems” (Phys. 
D, 2021). 
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