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Introduction

Consider the stochastic heat equation
∂u

∂t
= 1

2
∂2u

∂x2 + uẆ , x ∈ R, t > 0 (1)

where u0(x) = δ0(x)
and Ẇ space-time white noise:

E
[
Ẇ (t, x)Ẇ (s, y)

]
= δ0(t− s)δ0(x− y).

Existence of mild solution

There exists a unique measurable and adapted
random field u = {u(t, x)}(t,x)∈R+×R such that

sup
(t,x)∈[0,T ]×R

E [|u(t, x)|p] <∞ ,

and for all t ≥ 0 and x ∈ R
u(t, x) =pt(x) (2)

+
∫

[0,t]×R
pt−s(x− y)u(s, y)W (ds, dy).

[Walsh ’84, Chen & Dalang ’15]

Renormalized solution

•The process x 7→ U(t, x) := u(t, x)/pt(x) is
stationary. [Amir, Corwin & Quastel ’11]
•The equation (2) can be reformulated in terms of
U : [Chen, Khoshnevisan, Nualart & Pu ’20]

U(t, x) = 1+ (3)
+
∫

[0,t]×R
pτ (t−τ )

t
(ξ − τ

t
x)U(τ, ξ)W (dτ, dξ).

Spatial averages

•E
[∫R
−RU(t, x)dx

]
= 2R

•

Σ2
R,t := E

(∫ R
−R
U(t, x)dx− 2R

)2 ∼ R logR.

•Spatial averages:

GR,t := 1
ΣR,t

(∫ R
−R
U(t, x)dx− 2R

)

Malliavin calculus

• Integration by parts
E
[
〈DF, v〉H

]
= E [Fδ(v)]

•A crucial property: Any adapted and square
integrable process v belongs to Dom δ and

δ(v) =
∫
R+×R

v(s, y)W (ds, dy).
• In the aforementioned model, we have
GR,t = δ(vR,t) where

vR,t = U(s, y)
ΣR,t

∫ R
−R
ps(t−s)

t
(x− s

t
y)dx

Estimates for the derivatives

•
‖Ds,yU(t, x)‖p ≤ cT,pps(t−s)

t
(y − s

t
x).

•
‖Dr,zDs,yU(t, x)‖p ≤ cT,pps(t−s)

t
(y−s

t
x)pr(s−r)

s
(z−r

s
y).

• ∥∥∥(〈DGR,t, vR,t〉)−1∥∥∥
p
≤ ct,p,γ(logR)γ

Theorem

Let N denote a standard normal random variable. Then, for all R ≥ R0:

dTV(GR,t, N) ≤ Ct
√

logR√
R

.

[Chen, Khoshnevisan, Nualart & Pu ’20]

Main Theorem

For all fixed t > 0 and R ≥ R0, GR,t has a density fGR,t
. Moreover, let γ > 19

2 and φ be the density of
standard normal distribution, then, for all R ≥ R0:

sup
x∈R
|fGR,t

(x)− φ(x)| ≤ Ct(logR)γ√
R

.

[K. & Nualart ’21+]

Existence of density

•Assume that F = δ(v) ∈ D2,6, E [F 2] = 1 and
E
[∣∣∣〈DF, v〉H∣∣∣−4]

<∞. (4)
Then,

fF (x) = E
1 {F > x} δ

 v

〈DF, v〉H



Malliavin-Stein method

•Let F = δ(v) ∈ D1,2, N standard normal random
variable.

dTV(F,N) ≤ 2
√

Var〈DF, v〉H.
•Let F = δ(v) ∈ D2,6 satisfy (4), then

sup
x∈R
|fF (x)− φ(x)|

≤ C
∥∥∥(〈DF, v〉H)−1∥∥∥2

4

(
E
[
|〈D〈DF, v〉H, v〉H|2

])1/2

+
(
‖F‖4

∥∥∥(〈DF, v〉H)−1∥∥∥4 + 2
)

(Var〈DF, v〉H)1/2 .

Other cases

• If u0 = 1, and σ(u) then

dTV (FR,t, N) ≤ Ct√
R
,

sup
x∈R
|fFR,t(x)− φ(x)| ≤ Ct√

R
.

• If u0 = 1, general dimension d,
E
[
Ẇ (t, x)Ẇ (s, y)

]
= δ0(t− s)|x− y|−β.

then
dTV (FR,t, N) ≤ CtR

−β/2

sup
x∈R
|fFR,t(x)− φ(x)| ≤ CtR

−β/2.

•Other equations like wave and fractional heat.
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