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Background and Motivation

Networks model complex

systems as (directed) graphs

Node centrality measures
output a nodes’ importance
in a given network:

Betweenness centrality in social

networks (J.Lee, 2021)

Eigenvector centrality in

temporal networks (D.Taylor,

2016)
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Goal

Defining a topological centrality measure that captures propaga ng

effects and directedness.

Topological Data Analysis (TDA)

Central Idea

Determining the intrinsic robust features of complex data sets.

Suppose data is embedded in an underlying topological space:

Algebraic topology measures qualita ve features in simplicial

complexes.

Persistent homology measures the ”robustness” of homological

features.

TDA in Networks

Defini on

A network G is a pair (X, wX) where X is a finite set and wX : X ×
X → R is called the weight func on.

Definition (F.Memoli and S.Chowdhury, 2016)

Given a network G = (X, wX) and δ ∈ R, let Rδ,G ⊆ X ×X be defined

as:
Rδ,G := {(x, x′) : wX(x, x′) ≤ δ}.

Using Rδ,G, we build a simplicial complex Dδ,G called the Dowker
Complex:

Dδ,G := {σ ∈ Pow(X) : ∃p ∈ X s.t. (xi, p) ∈ Rδ,G ∀xi ∈ σ}.

The node p is called a sink for the simplex σ.

We denote Pn(G) as the set of n-dimensional persistence barcodes

corresponding to the Dowker sink complex Dδ,G.

Quasi-centrality Measure

Goal

We measure the extent in which a node contributes to the connec-

vity of a network G.

Effective Distance

Let G = (X, wX) be a network, define γ(G) to be (X, mX) where mX :
X × X → R is given by:

m(xi, xj) =

1 − log w(xi,xj)∑
k 6=j w(xi,xk) ≥ 1 if i 6= j

0 if i = j

Main Definition (Quasi-centrality Measure)

Given a networkG = (X, wX), let f (G, x) = (X \ {x}, wX). Moreover,

given x ∈ X , let µ(x) to be the minimum distance between x and any

other node x′ ∈ X with respect to the metric mX . We define the

quasi-centrality C(x) for x ∈ X as follows:

C(x) =
∑

b∈P0(f (γ(G),x))
l(b) −

∑
b∈P0(γ(G))

l(b) + µ(x)

where b represents a persistence interval in P0 and l(b) is the persis-

tence of the interval.

Theorem

For a network G = (X, wX), C(x) is nonnega ve for all x ∈ X .

idea

As the value of δ increases, C(x) measures how o en node x bridges

between two disconnected components.

Proof.

γ(G) can be treated as both a topological space with underlying

homological features and as a metric space.

The sum
∑

b∈P0(γ(G)) l(b) as a measure of how disconnected γ(G) is.

The 0-th homology group P0(γ(G)) measures the number of
disconnected path components in Dγ(G), hence

∑
b∈P0(γ(G)) l(b) can

be used as a proxy of the size of the 0-th homology group.

Similarly, the sum
∑

b∈P0(f (γ(G),x)) l(b) as a measure of how
disconnected f (γ(G), x) is.
We think of the difference as measuring of how much node x
contributes to the overall connec vity of the network.

Intui vely, a network should become more disconnected a er dele ng

a node.

Applications

Trade Networks:
Interdependency between local and global communi es.

Economic perturba ons originated in a single country can propagate

elsewhere.

Previous Studies:
Assessing the Fragility of Global Trade (Y.Korniyenko, 2017).

Interna onal Trade Network: Country centrality and COVID-19

pandemic (R.Antonie , 2021).

Goal

Assess the influence of a node in a trade network by compu ng the

quasi-centrality measure.

Data:
OECD Inter-Country Input-Output (ICIO) Tables

Machinery produc on network in Asia during 2007 (financial crises)

Industries: machinery equipment, computer and electronics,

electrical machinery, auto machinery

Selected Results

Hierarchical Clustering

Goal

Determine the hierarchy of nodes in terms of their impact in the topol-

ogy of the network.

Hierarchical clustering arranges the objects of a set into a hierarchy of

groups using a specified weight func on.

Bottleneck Distance

Defini on

Given two persistence diagrams D1 and D2, the
bo leneck distance of D1 and D2 denoted by

dB∞(D1, D2) is defined as

dB∞(D1, D2) = inf
η:D1→D2

sup
x∈D1

||x − η(x)||∞

Definition

Define SG to be the following set:

SG := {(f (γ(G), x)) | x ∈ γ(G)} ∪ {(γ(G)))}.

Given a network G = (X, wX) with the bo leneck distance, the hier-

archical dendrogram HG associated to G is the func on

HG :R+ → Part(SG)
t 7→ par on of SG (SG, bo leneck distance).

Future Work

Many proper es in networks admit characteriza ons using tools in TDA. (Density,

robustness, efficiency, etc.)

Relate higher dimensional homological features in networks to real-world

phenomena.

Apply the quasi-centrality measure on other directed networks.
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