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Introduction

Let P be a set of points and let L be a set of lines. An incidence is a pair (p, l) ∈ P × L such that p ∈ l. The number of incidences is denoted by I(P,L).

Figure 1. how many incidences are there?

An important question in incidence theory is: given n lines and n points in R2, what’s the maximal number of incidences they can form?

Theorem 1: Szemerédi-Trotter
Let P be a set of n points and let L be a set of n lines, both in R2. Then I(P,L) = O(n4/3).

The Szemerédi-Trotter Structural Problem

Let P be a set of n points and let L be a set of n lines in R2, such that I(P,L) is Θ(n4/3).
Characterize the point-line constructions with such P and L.

Applications

Distinct distance problem

Additive combinatorics

Harmonic analysis

Theoretical computer science

· · ·

Previous Structural Results

Erdős’s Construction: P is a lattice of size n1/2 × n1/2. L contains many families of parallel
lines.

Elekes’s Construction: P is a lattice of size n1/3× n2/3. L contains many families of parallel
lines.

Theorem 2: A Family of Structural ResultsSheffer and Silier 2021

onsider 1/3 < α < 2/3. Let A,B ⊂ R satisfy that |A| = nα and |B| = n1−α. Let L be a set
of n lines in R2, such that I(A × B,L) = Θ(n4/3). Then one of the following two cases must
happen:

most of the lines belong to families of many concurrent lines

most of the lines belong to families of many parallel lines

Problem arises

Given a lattice and a line set L with n lines. What does the line set look like when there are
Θ(n4/3) incidences?

Figure 2. Lattice vs. Cartesian Product

(Our result) When the point set is a lattice

The following theorem provides a complete characterization of the line set where the point set is a
lattice in R2.
Theorem 3. Let 1/3 < α < 2/3. Let P be a lattice of size nα × n1−α and L be a set of n lines,
such that P and L form Θ(n4/3) incidences. Then L contains Ω(n1/3/ log n) families of Θ(n2/3)
parallel lines. The y-intercepts of each family of parallel lines form an arithmetic progression.

(Our Result) When the point set is a half-lattice

Theorem 4. Consider 1/3 < α < 2/3. Let A,B ⊂ R satisfy that A = {1, 2, · · · , nα} and
|B| = n1−α. Let L be a set of n lines in R2, such that I(A×B,L) = Θ(n4/3). Then L must be
formed by many families of parallel lines.

Figure 3. Lattice vs. Half-lattice

Multiplicative Energy
Definition.

If A = {2, 4, · · · , 2n}, then E×(A) = Θ(n3).

If A is some random set of size n, then E×(A) = Θ(n2).

Example.

If A = {2, 4, · · · , 2n}, then E×(A) = Θ(n3).

If A is some random set of size n, then E×(A) = Θ(n2).

Proof Idea

Consider the family of lines that are concurrent on the origin.

The lines are of form y = sx for different s.

If (a, b), (a′, b′) are both on the line y = sx, then b/a = b′/a′ = s, which is ba′ = ab′.

Recall that the multiplicative energy

E×(A,B) = |{(a1, a2, b1, b2) ∈ A2 ×B2 : a1b1 = a2b2}|,
so we can use the multiplicative energy to determine the number of points contained in the line
y = sx.
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