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Introduction

Our overall goal is to study discrete analogues of the Schrödinger and Dirac
equations from physics. We study a discretized model of quantum mechan-
ics, in which continuous quantum states are restricted to a graph. In par-
ticular, we prove several spectral theoretic results on discretized versions
of the Laplacian and Dirac operators.

Preliminaries

Definition (Incidence Matrix)
Let Γ be an oriented graph. The incidence matrix I of Γ is a |V | × |E|-
matrix defined by

I(k, l) =


−1 if el starts at vk
1 if el ends at vk
0 otherwise.

Laplacian and Dirac Operators

The Laplacian operator describes the evolution of a quantum state over
time for particles without spin under the Schrödinger equation.

Definition (Graph Laplacians)
Let Γ be a graph with incidence matrix I . The Even Laplacian ∆+ of the
graph is the |V | × |V | matrix defined by

∆+ = IIt

and the Odd Laplacian ∆− is the |E| × |E| matrix given by

∆− = ItI

where It denotes the transpose of the incidence matrix.

The behavior of particles with spin can be better understood by studying
the properties of spinors. In our discrete setting, for a graph Γ = (V,E),

we define a spinor to be an element of C|V |. The evolution of spinors over
time is described by the Dirac operators, which can be viewed as formal
square roots of the Laplacian operators.

Definition (Dirac Operators)
Let Q±D±Q−1

± represent the diagonalizations of the even and odd Lapla-
cians respectively. The even and odd Dirac operators are respectively
defined as

D± = Q±
√

D±Q−1
+

The incidence Dirac operator is defined as

DI =

(
0 I
It 0

)

Definition (Quantum State)
A quantum vertex state (resp. quantum edge state) assigns a complex

value to each vertex (or edge) on a graph, ie. are vectors in C|V | and C|E|

Definition (Discrete Schrödinger Equation)
Let |Ψ(t)⟩ be a quantum vertex/edge state that evolves in time t with ini-
tial condition |Ψ(0)⟩. Then the discrete even/odd Schrödinger equation

and its solution is given by

∂ |Ψ(t)⟩
∂t

= iℏ∆± |Ψ(t)⟩ −→ |Ψ(t)⟩ = exp(iℏ∆±t) |Ψ(0)⟩ .

The Discrete Dirac equation has the same form, but with the even/odd
Dirac operator replacing the Laplacian.

Definition (Steady State)
A quantum state |Ψ(0)⟩ is a steady state if |Ψ(t)⟩ = |Ψ(0)⟩ for all t ≥ 0.

Theorem
|Ψ(0)⟩ is a steady state if and only if |Ψ(0)⟩ is in the kernel of its respective
operator (∆± or D±).

Proposition
kerD+ = ker∆+ and kerD− = ker∆−.

Graph Theoretical Interpretations of Re-

sults on Operators

Proposition
A vertex state |Ψ(0)⟩ is in the kernel of ∆+ (and therefore D+) if and only
if it is constant on each of the graph’s connected components.

Definition (Cycle Edge State)
For a given cycle c of edges on a graph, the corresponding cycle edge state
is the edge state with value 1 on all edges with clockwise orientation on c,
−1 on all edges with counterclockwise orientation on c, and 0 on all edges
not in c.

Proposition
An edge state |Ψ(0)⟩ is in the kernel of ∆− (and therefore D−) if and only
if it is a linear combination of cycle edge states.

Theorem (Quadratic Forms of Graph Operators)
Let Γ be an oriented graph and ei,j the oriented edge from vertex vi to
vj. It is known that the quadratic form for the even Laplacian for a given
vertex state is

q∆+
(v) =

∑
ei,j(vj − vi)

2

We also find the quadratic form for the odd Laplacian for a given edge
state, noting the parity between the odd and even Laplacians,

q∆−(e) =
∑

vi

(∑
ei,j ki,j · ei,j

)2
And for the incidence Dirac, we have

qDI

(
v
e

)
= 2

∑
ei,j ei,j · (vj − vi)

Theorem
A vertex/edge state |Ψ(0)⟩ is a root of the quadratic form of the even/odd
Laplacian if and only if it is in the operator’s kernel.

Definition (Vertex-Edge Walks)
On a directed graph, a vertex-edge walk of length one moves from a vertex

to an incident edge, or an edge to an incident vertex. We can define the
sign of the walk as follows: If the edge involved in the walk originates from
the vertex involved then sgn(γ) = −1 and if the edge enters the vertex
involved then sgn(γ) = 1. Note for this definition we do not care whether
we’re starting at a vertex or an edge.

Figure 1: Signs of vertex-edge walks on P2 graph.

Theorem

Dk
I (i, j) =

∑
γ,i→j,k

sgn(γ)

Where
∑

γ,i→j,k sgn(γ) is the signed sum over vertex-edge walks from ver-
tex/edge i to vertex/edge j of length k.

Visualizations

For a better intuitive sense of the solutions to the Dirac and Laplacian
equations, we created a program which generates graphs, vertex and edge
states based on given parameters and graphs the equation over time in the
complex plane

Figure 2: Solutions over time of the even and odd Dirac equations over time

Dimer Models and associated Gluing For-

mulas

Definition (Perfect Matching)
A perfect matching of a graph is a subset of edges which covers every
vertex exactly once.

Definition (Kastelyn Matrix)
Given a lattice graph G, the Kastelyn Matrix K is the weighted adjacency
matrix of G with horizontal edges weighted 1 and vertical edges weighted
i =

√
−1.

Theorem
The number of perfect matchings of a lattice graph G is equal to√
| detK|.

Definition (Bridge Gluing)
Let Γ1, Γ2, and E be two graphs and a set of edges such that each edge in
E is incident to one vertex in Γ1 and one vertex in Γ2. The bridge gluing
of the two graphs is the graph Γ1⊔E Γ2 resulting by uniting the vertex sets
of Γ1 and Γ2 and uniting the edge sets of Γ1 and Γ2 with E.

Figure 3: An example of a bridge gluing between K5 and C6.

Question
Given a k × m lattice graph and a k × n lattice graph and the determi-
nants of their respective Kastelyn matrices, what can we say about the
determinant of the Kastelyn matrix of a k ×m + n lattice graph?

Proposition√
|K2,m+n| =

√
|K2,m|

√
|K2,n| +

√
|K2,m−1|

√
|K2,n−1|

We obtain similar recursive formulae for the cases K3,m+n and K4,m+n.

Gluing Formulas

Spinors can be studied as elements of the linear representation of Clifford
algebras. We prove results for a special type of Clifford algebra associated
to a graph:
Definition (Clifford graph algebra)
Let Γ be a graph with n vertices. Its associated Clifford algebra AΓ has n
generators e1, . . . , en corresponding to each vertex. For each i, e2i = −1
and{

eiej = −ejei i and j are adjacent in Γ

eiej = eiej i and j not adjacent in Γ

We found an important relationship between the components of a graph
and the structure of its Clifford graph algebra, that motivated the following
gluing formula:
Theorem

Let Γ1 and Γ2 be graphs and AΓ1
and AΓ2

be their associated Clifford
algebras. Then Z(AΓ1

)
⊗

Z(AΓ2
) = Z(AΓ1⊔Γ2

)

Future Directions

•General Bridge Gluing Formulae for Clifford graph alge-
bras: Researching general bridge gluings will help us to understand the
Clifford algebras of more complex graphs, and more importantly, the
behavior of spinors on them.

•Colored Clifford graph algebras: We propose a form of Clifford
graph algebra where vertices i are given a color based on their associ-
ated generator ei, for example, red, if e2i = +1, or blue, if e2i = −1.
This allows us to represent a wider variety of Clifford algebras, including
proposed spaces for Dirac spinors.
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