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Abstract

Mathematical modeling of infectious disease can be used to predict
how diseases progress through a population. We explored simulations
of disease on small-world contact networks of varying infection proba-
bilities, β, to observe how the basic reproductive number, R0 = β · ⟨k⟩
where ⟨k⟩ is the average number of edges connected to each node,
effects the number of nodes that were removed at the result of the
outbreak. We also calculated the expected value of infected nodes for
a nearest-neighbor contact network with each node being connected
to its two closest neighbors for any β and small N .

Background

Infection Modeling:
The SIR model is the simplest infection model and can be described by
the differential equations:
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where individuals of a population N are in one of three components:
susceptible S(t), infectious I(t), and removed R(t), at any given time t

β : effective contact rate of the disease
α : mean recovery rate

Network-Based Models:
Contact networks are networks of graphs that represent individuals
in a population as nodes and interactions between them as edges
connecting two nodes.Transmission of a disease can occur along
edges at a fixed rate β.

Fig. 1: SW(N = 20, d = 2, λ = 3) Fig. 2: SW(N = 20, d = 2, λ = 3) after β = 0.25

The small-world network is a class of small-world graphs, GSW(N, d, λ),
with each node connected to its closest neighbors (as in graphs of
nearest-neighbor contact networks, GNN(N, d)) and randomly selected
nodes (as in graphs of Erdös-Rényi contact networks, GNN(N, λ)).

d = # of neighboring nodes connected on one side of each node
λ ≈ average number of edges attached to each node

Minor Outbreaks:
In an SIR model with a single index case, for any probability p > 1, if

∃B(p) > 0 such that p(R(∞) < B(p)) ≥ p

where B(p) is a constant who does not depend on N and R(∞) is the
final size of an outbreak, then the outbreak will be restricted to a minor
one.

Results

The expected value of total removed nodes at the end of an outbreak started by a single index
node on a one-dimensional nearest-neighbor contact network of degree one and number of
nodes, N , is given by,

EN = [

N−2∑
i=0

(i + 1)2βi(1− β)2] + (N2 −N)βN−1(1− β) +NβN−1 (1)

for all odd integers N > 2. We will summarize the proof by induction:

Base Case: E3=(1−β)2+4β(1−β)2+6β2(1−β)+3β2

start

(1−β)2 β2

β(1−β)2 β2(1−β) β(1−β)2 β2(1−β)

Thus,

P (1 removed) = (1−β)2

P (2 removed) = 2β(1−β)2

P (3 removed) = 2β2(1−β)+β2

and therefore,
E3=(1−β)2+4β(1−β)2+6β2(1−β)+3β2

Induction Step: Assume,

EN−2 = [

N−4∑
i=0

(i + 1)2βi(1− β)2] + ((N − 2)2 −N − 2)βN−3(1− β) + (N − 2)βN−3

for all odd integers N>1. It can be shown that all paths and probabilities of an outbreak ending
in N−3 nodes removed are the same for graphs of size N−2 and N nodes. We can find the
probability that an outbreak ends with N−2 nodes removed, P (N−2), on the graph of N no-
des using the paths and probabilities of N−2 and N−4 nodes removed on the N−2 node graph:

N−2 graph to N−3 nodes removed:

... ... ... ... ... ... ... ...

Thus,

P (N−2)=
P (N−3)
(1−β)

β(1−β)

N−2 graph to N−4 nodes removed:

... ... ... ... ... ... ... ...

Thus,

P (N−2)=
P (N−4)

(N−4)(1−β)2
β2(1−β)2

Continuing like this, we see,

P (1 removed) : (1− β)2

P (2 removed) : β(1− β)2

...

P (N − 2 removed) :P (N−3)
(1−β)

β (1−β)+
P (N−4)

(N−4)(1−β)2
β2 (1−β)2 = (N−2)βN−3(1−β)2

P (N − 1 removed) :P (N−3)
(1−β)

β2 (1−β)+
P (N−2)

(N−2)(1−β)2
2β (1−β)2 = (N−1)βN−2(1−β)2

P (N removed) :P (N−1)
(1−β)

β +
P (N−2)

(N−2)(1−β)2
β2 = (N−1)βN−1(1−β)+βN−1.

Therefore, EN = [
∑N−2

i=0 (i+1)2βi(1− β)2] + (N2−N)βN−1(1− β) +NβN−1 and (1) is true
for all odd integers N > 1.

To the right is a graph of the percentages of N that
are expected to be removed when 0 < β < 1 for
N = 5, 7, 9, 11, 25, 75, 125, 525, and 1025

Results cont.

We then defined the expected value of total removed nodes on the same network for all even
integers N > 1 to be,

EN = [

N−2∑
i=0

(i + 1)2βi(1− β)2] +N2βN−1(1− β). (2)

We ran disease outcomes in Netlogo’s IONTW software of small-world graphs with constant
λ, d and α with varying β that caused the basic reproduction number, R0 ≈ β(λ + 2d) to
change around 1.

When the collected total number removed was analyzed using the definition of a minor outb-
reak, we found the highest number of infected nodes appeared to reach some threshold,
B(p), regardless of N in the cases when R0 < 1 and grew at a rate that depends on N when
R0 > 1. The highest number of removed nodes by R0 are shown in the graphs below:

Fig. 4: SW(N = 2500, d = 2, λ = 6) Fig. 5: SW(N = 5000, d = 2, λ = 6)

Fig. 6: SW(N = 10000, d = 2, λ = 6) Fig. 7: SW(N = 20000, d = 2, λ = 6)

Future Research

We hope to explore herd immunity threshold (HIT) in small-world networks. HIT is the percen-
tage of a population that need to be vaccinated/removed before the introduction of a disease
by a single index case to guarantee a minor outbreak.

We know that for compartment level models (modeling outside of contact networks where the
state of the model at time t is given by a vector of the number of nodes in each S(t), I(t), and
R(t) compartments), this threshold is given by,

HIT = 1− 1

R0
.

In compartment level models, we have no choice but to vaccinate/remove nodes at random,
however, when exploring HIT on contact networks, there are many outbreak/vaccination tes-
ting possibilities.
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