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Introduction

In a 2022 paper, Kovchegov [1] introduced true skewness for continuous distributions via

Fréchet p-means. True skewness extends the notion of skewness to distributions with

any finite (not necessarily integer) moments and guarantees that Pearson’s coefficients

of skewness agree in sign, resolving key deficiencies in statistical analyses of skewness

properties of distributions. We prove novel criteria for true skewness, discuss a general

approach for demonstrating true skewness, and extend the notion to multivariate dis-

tributions.

The Fréchet p-mean of a random variable X with E|Xp−1| < ∞, p ≥ 1, is the unique

solution νp of the equation

Hp := E
[
(X − νp)p−1

+
]

= E
[
(νp − X)p−1

+
]
.

This generalizes traditional centers of mass: ν1 is the median, ν2 is the mean.

X is truly positively skewed (truly negatively skewed) if p 7→ νp is strictly increasing

(strictly decreasing) in DX := {p ≥ 1 : E|X|p−1 < ∞}. For unimodal distributions

(which are the only ones we consider here), we also require the mode ν0 to satisfy

ν0 < ν1 (ν0 > ν1).

Figure 1. Log-normal distribution with lines for ν0 (red), ν1 (blue), ν2 (pink), and ν4 (green).

Stochastic dominance

For distribution functions F and G, we say that F stochastically dominates G if F ≤ G.

If the inequality is strict anywhere, then F strictly stochastically dominates G.

Theorem (Kovchegov [1]). For continuous random variable X with density function f
supported on (L, R), fix p ∈ DX . If the “right” density y 7→ H−1

p yp−1f (νp + y)1(0,R−νp)(y)
strictly stochastically dominates the “left” density y 7→ H−1

p yp−1f (νp−y)1(0,νp−L)(y), then
the map p 7→ νp is strictly increasing at p.

Figure 2. Log-normal distribution with density reflected across ν2 to compare “left” and “right” densities.

Examples & general techniques

Theorem. The Lévy distribution, given by the density function

f (x) =
√

c

2π

e
− c

2(x−µ)

(x − µ)3/2, x ≥ µ,

with location parameter µ ∈ R and scale parameter c > 0, is truly positively skewed.
Observe that the Lévy distribution has no finite integermoments, so Pearson’s skewness

coefficients are not defined for it.

A general proof technique is to show that the log density ratio, given by

Rp(x) := log
(

f (νp − x)
f (νp + x)

)
, x ≥ 0,

has exactly one positive zero and tends to −∞ as x → ∞, for every p ∈ D, as this will

satisfy the stochastic dominance criterion. This approach allows us to analyze higher

derivatives of Rp, if doing so is easier.

Theorem. The skew-normal distribution, given by the density function

f (x) = 2φ(x)Φ(αx), x ∈ R,

with shape parameter α ∈ R, and φ, Φ are the density and distribution function of the

standard normal respectively, is truly positively skewed if α > 0 and truly negatively

skewed if α < 0.
Analysis of the derivative of the log density ratio for the skew-normal density amounts

to an analysis of the log derivative of Φ, i.e.,[
log Φ(x)

]′ = φ(x)
Φ(x)

,

which is simply the reciprocal of the hazard rate, which is usuallywell-studied in statistics

for common distributions.

New criteria for true skewness

Theorem. Let Fn, F be distribution functions ofXn, X respectively. Suppose that Fn → F
uniformly and, for some ε > 0, that supn E|Xn|p+ε < ∞ holds for every p ∈ DX . If the

Xn’s are truly non-negatively skewed, then so is X .

Example. It is known that Weibull distribution, with density f (x) = λxλ−1e−xλ
is truly

positively skewed if and only if 0 < λ < (1 − log 2)−1. Then the Weibull distribution for

λ = (1 − log 2)−1 is truly non-negatively skewed.

Theorem. Let X have a density function decreasing on its support. If u : R → R is convex

and strictly increasing on the support of X , then u(X) is truly positively skewed.
Example. If X ∼ Exp(λ), then X2 ∼ Weibull(1/λ2, 1/2) is truly positively skewed.

Multivariate true skewness

If X ∈ Rk is a random vector, define its Fréchet p-mean

νp := arg min
a∈Rk

E‖X − a‖p.

We interpret true skewness in Rk through the trajectory

τ p :=
dνp

dp

/∥∥∥∥dνp

dp

∥∥∥∥ .

Example: Multivariate skew-normal distribution.

Consider a multivariate skew-normal (MVSN) [2] random vector Y ∈ R2 with density

f (y) = 2φ2 (y; µ, Σ) Φ1
(

λ>Σ−1/2(y − µ)
)

, y ∈ R2

where φ2(· ; µ, Σ) is the density function of the bivariate normal distribution with mean

µ and varianceΣ, andΦ1(·) is the distribution function of the univariate standard normal

distribution, and skewness parameter λ.

By numerically computing νp for increasing p, we find that the trajectory τ p is closely

related to the skewness parameter λ, as shown in Figure 3.

(a) λ = (5, 0)> (b) λ = (0, 5)> (c) λ = (5, 5)>

Figure 3. Bivariate MVSN density contours. Blue arrow: λ (scaled to fit plot). Red arrow: τ p at p = 25.

Conjecture. The trajectory τ p of a bivariate skew-normal random variable with skew-

ness parameter λ converges in norm to λ/‖λ‖ as p → ∞.
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