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BACKGROUND
Definition (Translation Surfaces and Unfoldings)

A translation surface is a collection of polygons in the plane where pairs of parallel sides are identified via
translation.
Translation surfaces naturally arise from the study of billiard trajectories by “unfolding” a billiard table
through each side crossed by the trajectory. The resulting surface created by identifying corresponding edges
is called the unfolding of the table.B3I3

A cylinder on a translation surface is a collection of parallel trajectories with identical behavior, bounded on
both sides by a saddle connection.

Figure: This translation surface decomposes into two parallel vertical cylinders of identical trajectories.

Theorem (Veech Dichotomy (Veech 1989) [4])

A Veech surface is completely periodic (decomposing into parallel cylinders of identical trajectories) in
the direction of any saddle connection. Straight-line trajectories in every other direction are uniquely
ergodic (equidistributing with respect to a unique measure).

Veech classification problem for the set H(4) of surfaces in genus 3 with one cone point is unsolved!

Kenyon-Smilie J-invariant
Translation surfaces are defined up to cut-and-paste equivalence. We consider the surface obtained by
“cutting” and “re-gluing” along identified sides to be the same surface.

Figure: Translation surfaces are equivalent under the cut-and-paste operation.

Let S be a translation surface with vertices {v1, v2, . . . , vk}. Then, the Kenyon-Smillie J-invariant
J(S) ∈ R2

∧
Q R2 is given by

J(S) := vk ∧ v1 +
k−1∑
i=1

vi ∧ vi+1.

I The J-invariant is invariant under the cut-and-paste operation. In this sense, it is a translation surface
analogue to the Dehn Invariant.

I Furthermore, it encodes information about periodicity and Veechness: we can think of the J-invariant’s
projections as detecting failure of the surface to be completely periodic in a given direction. This is the
idea behind the following theorem.

Theorem (Adaptation of Kenyon-Smillie, 2000) [2]

Suppose S is a Veech surface. Take some saddle connection direction v . If we shear S (creating a new
surface S′) so that v is horizontal, then
I Jyy(S′) = 0.
I Jxy(S′) is symmetric and positive semidefinite as a bilinear form on HomQ(R,Q) (after some rescaling).

OBJECTIVES
I Approach the Veech classification problem in H(4).
I Determine which 12-gons with opposite sides identified are Veech surfaces.
I Determine the right trapezoids that unfold to Veech surfaces.

RESULTS
I Constraints on π/3 rotationally symmetric Veech 12-gons with opposite sides identified.
I Limitations of the Kenyon-Smillie J-invariant.
I Constraints on Veech unfoldings of right trapezoids with smallest angle π/2n.

Dodecagons

Theorem (H-, W-, Y-, ’21)

Any Veech 12-gon with π/3 rotational symmetry is either square-tiled or cyclic.

The key idea for this proof is in finding cylinder decompositions. Once we have one, for a Veech surface, we
know that in that direction, we must have that Jvv = 0. Furthermore, we can use the commensurability of
the cylinders in these directions to further restrict the kinds of 12-gons we can have. In the following figure,
we demonstrate a cylinder decomposition along a saddle connection for an arbitrary 12-gon with π/3
rotational symmetry.

Figure: Cylinder decomposition of an 12-gon. On the right, the shape has been cut and pasted to better exhibit the cylinders.

Finally, we observe that a 12-gon with π/3 rotational symmetry can be specified uniquely (up to translation,
rotation, and dilation) with a single coordinate, which we write as (a1 + b1

√
3, c1 + d1

√
3). All

computations using the restrictions above were done symbolically, with specially written code in SageMath to
handle the computations.
The final set of equations given by the code which must be satisfied are as follows:

c31 + c1 · d2
1 −

1

4
· c1 = 0

a1 · c1 + c1 · d1 = 0

b1 − c1 = 0

These directly imply that the 12-gon must be cyclic or square-tiled. Since these 12-gons belong to H(4),
this result represents part of our progress towards completing the Veech classification in H(4).

Limitations of the J-Invariant
Consider the following algorithm, which utilizes the J-invariant to identify surfaces that are not Veech. This
algorithm is inspired by the test that Kenyon and Smillie perform on their triangles in [2]. We have proven
conditions under which this algorithm will never terminate, suggesting that we must turn to other tools
besides the J-invariant to finish the Veech classification problem.

The Jxy Algorithm

1. Choose a homological direction v upon S. Shear S, sending v to the x-axis, to obtain a new surface S′.
2. Identify a horizontal cylinder c in S′. Divide each vertical coordinate of S′ by the modulus λc of c to

yield a new surface, S′′.
3. If Jxy(S′′) is not a symmetric bilinear form on HomQ(R,Q), then the algorithm terminates.
4. Repeat the procedure for every homological direction. If the algorithm terminates, then S is not Veech.

Otherwise, S may or may not be Veech.
Theorem (H-, W-, Y-, ’21)

Consider an unfolding T̃ of a right trapezoid T with smallest angle π
2n , for which n is even and

` tan(π/n) ∈ Q[cos(π/n)]. Then the Jxy algorithm will not terminate on T̃ .

Right Trapezoidal Unfoldings

`

1
π
2n

Figure: A right trapezoid with smallest angle π/2n and short horizontal length `. Uniform rescaling does not affect dynamics on
a surface, so it suffices to consider right trapezoids with vertical length 1 as pictured.

Theorem (H-, W-, Y-, ’21)

The unfolding of a right trapezoid with smallest angle π/2n and short horizontal length ` is Veech only if
` ∈ Q[cos(π/n), sin(π/n)].

Wright [5] showed that a certain vector bundle associated with a Veech surface decomposes into
symplectically orthogonal subbundles that can be computed using Galois automorphisms of the field of
definition, a Galois extension of Q related to the lengths on a Veech unfolding. By studying this
decomposition, we found constraints on the field of definition to eliminate possible values of `.
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Figure: The unfolding of a right trapezoid with smallest angle π/8.

A right trapezoid with smallest angle π/6 unfolds to a surface in H(4), so by examining the case n = 3, we
study the H(4) Veech classification problem. Inspired by methods used by Calta [1] for classifying Veech
surfaces in genus 2, we deduced the following result for n = 3 by setting the J-invariant projection Jvv = 0
in some homological directions.

Corollary (H-, W-, Y-, ’21)

The unfolding of a right trapezoid with smallest angle π/6 and short horizontal length ` is a Veech surface
only if ` = a + b

√
3 with a, b ∈ Q and a = 0 or b = −1/2.

By using recent results from geometric topology by Mirzkhani and Wright [3], we derived the following
additional length restrictions.
Theorem* (H-, W-, Y-, ’21)

Let x, y be integers relatively prime to 2n such that 1 < x < y < n and y − x = 2. For any q relatively
prime to 2n, let σq be the Galois automorphism of Q[cos(π/n), sin(π/n)] such that
σq(cos(π/n)) = cos(qπ/n). Moreover, let `′ denote ` sin(π/n). If 4σx(`

′) + csc2
(
πx
2n
)
< 0 and

4σy(`
′) + csc2

(
πy
2n
)
> 0, then the unfolding cannot be Veech.

FURTHER QUESTIONS
I π/3 symmetric 12-gons have a lot of nice symmetry which can be exploited to find explicit cylinders

easily. Can similar results be shown for 12-gons with less symmetry?
I Can we deduce symmetry of Jxy by studying some collection of projections Jvv?
I The a = 0 right trapezoids with smallest angle π/6 are Veech, but what about the b = −1/2 case?
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