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ABSTRACT
The one-to-one correspondence between numerical semigroups

and the integer points of Kunz polyhedra provides a geometric an-
gle to study some algebraic and combinatorial problems. In this
poster, we characterize all possible pairs of face dimension and
embedding dimension appearing in a Kunz polyhedron. Our ap-
proach develops a new construction that reflects the face structure
of a Kunz polyhedron, namely the DED lattice, and locates some
special classes of numerical semigroups such as arithmetical nu-
merical semigroups in the DED lattice.

WHAT IS... A NUMERICAL SEMIGROUP?

Definition ([1]). A numerical semigroup S is a subset of non-
negative integers that contains 0, is closed under addition (i.e.,
a+ b ∈ S for a, b ∈ S), and whose complement in Z≥0 is finite.

A numerical semigroup S is often specified using a set of genera-
tors n1 < . . . < nk, i.e.,

S = 〈n1, . . . , nk〉 = {a1n1 + . . .+ aknk : ai ∈ n}.

The embedding dimension e of S is its minimal number of genera-
tors and the multiplicity m of S is the smallest element in its mini-
mal generating set.

Example. The Chicken McNugget Semigroup is

〈6, 9, 20〉 = {6, 9, 12, 15, 18, 20, 21, 24, 26, . . .},

with e = 3 and m = 6.

Definition ([1]). The Apéry set of a numerical semigroup S is the
set Ap(S) = {0, a1, . . . , am−1} of minimal elements of S within
each equivalence class modulo m, where ai ≡ i mod m. They are
partially ordered with a � a′ whenever a′ − a ∈ Ap(S).

Example. The Apéry poset of 〈6, 9, 20〉
(right). An edge is drawn between a
and a′ whenever a′ + ni = a, where ni

is in the minimal generating set (i.e.,
a covers a′). The Kunz poset of S is
obtained by replacing elements in its
Apéry poset with their mod class rep-
resentatives.

WHAT IS... A KUNZ POLYHEDRON?
Definition ([1]). Given an integer m ≥ 2, the Kunz polyhedron
Pm ⊂ Rm−1 is a cone bounded by the facet equations:

xi + xj ≥ xi+j for 1 ≤ i ≤ j ≤ m− 1 with i+ j < m, and
xi + xj + 1 ≥ xi+j−m for 1 ≤ i ≤ j ≤ m− 1 with i+ j > m,

Theorem ([1]). Given an integer m ≥ 2, there is a one-to-one corre-
spondence between numerical semigroups with multiplicity m and inte-
ger points in Pm. Numerical semigroups corresponding to points in the
interior of the same face have the same embedding dimension and Kunz
poset.

Definition. There is a well-defined definition of embedding di-
mension and Kunz poset for every face F ⊂ Pm such that they
coincide with the theorem above. A face F of dimensions (d, e) is
defined to have face dimension d and embedding dimension e.

Example. The Kunz polyhedron
P3. In terms of face dimension, it
has one 1-d vertex, two 2-d rays,
and one 2-d cone.

Problem 1. What are all possible
pairs of face dimension and embed-
ding dimension (d, e) appearing in
a Kunz polyhedron Pm?

DED LATTICE
Definition. For a Kunz polyhedron Pm, its DED lattice is the poset

Dm = {(d, e) | ∃ face F of dimensions (d, e) in Pm}

where (d, e) � (d′, e′) whenever there are faces F, F ′ ⊂ Pm of
dimensions (d, e), (d′, e′) such that F ⊂ F ′.

Proposition. A DED lattice is stratified by
the range of e for a given d. Given m = 2k or
m = 2k + 1,

• If d = m− 1, then e = m− 1,

• If k ≤ d < m−1, then d ≤ e ≤ m−2,

• If 2 ≤ d < k, then d ≤ e ≤ m− 3,

• If d = 1, then d ≤ e ≤ 2k − 3.

CHARACTERIZATIONS OF (d, e)
Theorem. All values of (d, e) specified in the previous proposition can
be attained. For every (d, e) in the range of odd m and (d, e) 6= (m2 ,m−
1), (1,m − 3), (1,m − 4) in the range of even m, there exists a face
F ⊂ Pm of dimensions (d, e) that contains a numerical semigroup in its
interior.

Definition ([2]). An arithmetical numerical semigroup has the form

S = 〈m, cm+ h, cm+ 2h, . . . , cm+ kh〉,

for m, c, k, h ∈ Z≥1 with k < m, gcd(m,h) = 1, and cm+ kh > m.

Example. Arithmetical numerical
semigroups provide a skeleton of the
DED lattice (red). For every pair of
(d, e) with d ≥ 2, we obtain a semi-
group whose containing face has di-
mensions (d, e) by climbing up a di-
agonal (blue) that contains an arith-
metical numerical semigroup. Be-
low shows the underlying change of
Kunz poset in this climb.

FUTURE WORK
Problem 2. Prove that for even m, faces of dimensions (1,m −
3), (1,m− 4) do not contain any numerical semigroups in its interior.
Problem 3. Study how a poset structure changes from a higher-
dimensional face to its proper face.
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