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Introduction
Our project concerns the generic alternating matrix. This is a matrix X satisfying
XT = −X where the entries above the matrix diagonal are distinct indeterminates,
and the entries of the diagonal are all 0s. The generic alternating matrix An of size n
is denoted as follows:

An =


0 X12 X13 · · · X1n

−X12 0 X23 · · · X2n

−X13 −X23 0 · · · X3n
... ... ... . . . ...

−X1n −X2n −X3n · · · 0

 .

In the alternating matrix, we are specifically interested in the minors, which are the
determinants of the submatrices. The ideal of t-minors of a matrix X is denoted as
It(X). We also denote the minor obtained from using rows a1, a2, . . . at and columns
b1, b2, . . . , bt as [a1, a2, . . . , at | b1, b2, . . . , bt]. Below is an example of a 3 × 3 minor
in the 4× 4 alternating matrix.

Initial Results and Conjectures
The question that this project addresses is as follows:

Question
What is a minimal generating set for the determinantal ideal It(An) for any
1 ≤ t ≤ n?

Definition
A minor [a1, a2, . . . , at | b1, b2, . . . , bt] is a doset minor if ai ≤ bi for all 1 ≤ i ≤ t.

Definition
Initial-doset t-minors are the minors [a1, a2, . . . , at | b1, b2, . . . , bt] such that for
the first i such that ai 6= bi, we have that ai < bi, excluding principal minors if t is
odd.

We have shown that these minors generate our ideal.

Theorem (Hefty—Nguyen)
In an alternating matrix over a field not of characteristic 2, the initial-doset t-minors
generate the ideal of t-minors.

Since we have a generating set, our next goal was to prove its minimality.

Conjecture
A minimal generating set for the t-minors of the n× n alternating matrix over a field
of characteristic not equal to 2 is the set of initial-doset t-minors.

Theorem (Hefty—Nguyen)
The number of initial-doset t-minors of the n× n generic alternating matrix over fields

with characteristic not equal to 2 is as follows:
(nt)

2
−(nt)
2 when t is odd;

(nt)
2
+(nt)
2 when t is

even.

Characteristic 2 case: previous work by Aldo Conca gives that a minimal generating set
for symmetric matrices is the doset minors. Since alternating matrices over fields of
characteristic 2 are symmetric, we conjecture that

Conjecture
A minimal generating set for the t-minors of the n× n alternating matrix over a field of
characteristic 2 is the doset t-minors, excluding principal minors if t is odd.

Unique Terms
A nice technique to show that our generating set is linearly independent would be to show
that each minor in the set has a unique term (ignoring coefficients), since then no (vector
space) linear combination of other minors could have that term. However, in the initial-
doset 2-minors of the 4×4 alternating matrix, we have that [1, 3 | 2, 4] = x12x34+x14x23,
[1, 2 | 3, 4] = x13x24−x14x23, and [1, 4 | 2, 3] = −x12x34+x13x24, meaning that we cannot
choose a unique term for each of these three minors.

Algebras with Straightening Law
For the symmetric case, Aldo Conca used algebras with straightening law to show that
the doset minors form a spanning set as a part of showing that they form a minimal
generating set. The general idea of algebras with straightening law is as follows:
• Place a partial ordering on the minors
• For example, for the symmetric case, we define a transitive relation 4 such that

[a1, a2, . . . , at | b1, b2, . . . , bt] 4 [c1, c2, . . . , cs | d1, d2, . . . , ds]
if and only if t ≥ s and bi ≤ ci for all 1 ≤ i ≤ t.

• Define standard monomials:
Definition
A standard monomial is a product M1M2 . . .Mn of minors where
M1 4 M2 4 · · · 4 Mn.

• The straightening law allows us to write a product of incomparable minors as a
linear combination of standard monomials such that the smallest term in every one
of those standard monomials is less than or equal to each of the term in the
original product. Example:

[1|2] ∗ [2|1] = x12x21 = x11x22 − (x11x22 − x12x21) = [1|1] ∗ [2|2]− [1, 2|1, 2].
We considered Conca’s use of algebra with straightening law for our initial-doset minors.
This strategy failed as the product of two incomparable minors [1, 4 | 2, 3] · [1, 4 | 1, 4]
cannot be written as a linear combination of standard monomials such that each of the
terms in the linear combination has a factor less than or equal to both [1, 4 | 2, 3] and
[1, 4 | 1, 4]. We can see this from the ordering diagram on the set of initial-doset minors
of the 4× 4 alternating matrix:

For our non-characteristic 2 case, since we failed to show that the initial-doset minors
form a spanning set, we changed direction and focused on the characteristic 2 case.
In the case of characteristic 2, alternating matrices are also symmetric matrices, so
by Conca’s result, the doset minors span the ideals as vector spaces. We then
attempted to use KRS correspondence to prove linear independence.

KRS Correspondence
Through an algorithm using two functions Delete and Insert which are inverses of
each other, Conca established a degree-preserving correspondence between the stan-
dard monomials (represented by d-tableaux) and normal monomials (represented by
the 2-line array).

1 2 3

2 3 4

3 5

4 5

←→
(
2 3 4 5 5
1 3 2 4 3

)

In this case, we have a correspondence between the standard monomial [1, 2, 3 |
2, 3, 4] ∗ [3, 5 | 4, 5] and the normal monomial X12X33X24X45X35. However, this
is where our problem lies. In our case, X33 = 0 because it is a variable on the diago-
nal. Thus, the algorithm sends a nonzero products of doset minors to 0, which is not
an element of the basis of the normal monomials.
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