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Abstract

Knowing the m cycles in a book representation of
the complete graph, Kn, allows us to identify m + 1
cycles of the same knot type in any cone of that
book representation. Our construction produces at
least two m + 1 cycles of the same knot type in any
cone of the book representation of Kn for every m
cycle in the book representation of Kn. Similarly,
every Hopf link in a book representation of Kn will
produce two Hopf links in a cone of that book rep-
resentation. We also show that cones of equivalent
book representations are not always equivalent.

Background and Notation

• Book Representation: A way to embed graphs in
three dimensional space such that the vertices lay
on a circular boundary. It is then divided into
sheets where each edge must be placed in a sheet
and no two edges in a sheet may intersect.

• Cone of a Book Representation: The process of
adding a vertex to the graph and placing all edges
containing the new vertex in a new sheet. In this
project, we place this new sheet at the bottom.

• vivj: The edge between the ith and jth vertices.
• We will define vi and vi+1 as consecutive vertices.

Figure 1:Uses the lemma to show how to get an equivalent knot.

Lemma

In a book representation of a graph G, suppose
edges vivj, vjvk, and vivk are all within the same
sheet. Suppose there is a knotted cycle in graph
G that contains the edge vivj but does not contain
the vertex vk. Replacing the edge vivj with the
path vivkvj will yield an equivalent knot.

Proposition

For each m cycle in the book representation of
Kn, there exists an m + 1 cycle in any cone that
is of the same knot type.

Corollary

For every cycle in the book representation of Kn,
there exist at least two cycles of the same knot
type in a cone of that book representation.

Proposition Example

Consider the book representation given by Figure 2 (denoted by B6 in this example). Figure 2 provides a
cone of B6 that we will call C(B6). For any cycle in B6, an edge vivj exists such that replacing it with the
path viv7vj, gives a cycle in C(B6) that is of the same knot type as the original. This allows us to determine
the knot type of many of the cycles in C(B6) as shown below. Note, we are considering Hamiltonian cycles
in both B6 and C(B6).

Figure 2:Beginning book representation of K6 (denoted B6).

Edges Between Consecutive Vertices

Set: {v1v2, v2v3, v3v4, v4v5, v5v6, v6v7}
For each edge in this given set, there are 4! cycles
containing that edge in B6. That gives 4!(6) = 144
cycles with this edge in C(B6).

Edges in S5

Set: {v2v5, v2v6}
For each edge in this given set, there are 4! cycles
containing that edge in B6. That gives 4!(2) = 48
cycles in C(B6).

Edges in S4 but not in S5

Set: {v1v4}
Use the Inclusion-Exclusion Principle, we can deter-
mine there are 4 cycles in B6 containing this edge,
so C(B6) will also have 4 cycles.

Figure 3:Given cone of B6 in figure 2 (denoted C(B6)).

Edges in S1

Set:{v1v3, v3v6, v4v6}
For each edge in this set, there are 4! cycles in B6
containing the edge. That gives 4!(3) cycles contain-
ing these edges in C(B6).

Edges in S2 but not S1

Set: {v1v5, v2v4}
Using the Inclusion-Exclusion Principle, we can de-
termine that there are 3 cycles for each edge in B6,
giving 6 cycles in C(B6).

What does this mean?

• In C(B6), we know the knot type of 274 cycles.
• The cycles v1v3v5v6v2v4 and v1v4v2v5v3v6 are

trefoils in B6, creating 6 trefoils in C(B6).
• The other 268 known cycles in C(B6) will be

unknots.

Producing Unique Cones

Consider the following book representation of K6:
S1 v1v3 v1v4 v4v6
S2 v1v5 v2v4
S3 v2v6 v3v6
S4 v2v5 v3v5

We will refer to this as B. By analyzing Hopf links,
we can show that equivalent book representations
do not always produce the same cone. There are
3 Hopf links in B. If we cone B as defined and
analyze the subgraphs, we find that it contains 9
triangle-triangle Hopf links. Now, we can rearrange
B to get an equivalent book representation given by:

S1 v1v3 v1v4 v1v5
S2 v2v4 v2v6
S3 v3v5 v3v6
S4 v2v5
S5 v4v6

We will refer to this as B′. If we cone B′ as de-
fined and analyze the subgraphs, we find it contains
11 triangle-triangle Hopf links. Since these cones
contain a different number of triangle-triangle Hopf
links, we know they are not equivalent despite B
and B′ being equivalent. Thus equivalent book rep-
resentations do not always produce the same cone.
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